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Leptospirosis  is  the  world’s  most  common  zoonotic  disease  and  remains  a
significant public health challenge, particularly in regions with poor sanitation
and  high  exposure  risks.  This  study  aims  to  evaluate  the  effectiveness  of
combined  interventions:  screening,  vaccination,  treatment,  and  non-
pharmaceutical  controls  in  reducing  leptospirosis  transmission  in  human and
domestic animal populations. The study develops and analyzes a deterministic
compartmental model with eleven compartments representing human, domestic
animal, and bacterial populations. Stability analysis reveals that the Disease-Free
Equilibrium  (DEF)  is  globally  asymptotically  stable  when  the  effective
reproduction number is less than a unit (Re < 1), ensuring disease eradication
under these conditions, whereas the Endemic Equilibrium Point (EEP) remains
stable when Re > 1. The study employs the normalized forward sensitivity index
to  determine  the  most  influential  parameters  affecting  disease  dynamics  and
shows that an increase in the transmission of infections from a contaminated
environment to susceptible domestic animals, transmission of infections from a
contaminated  environment  to  susceptible  humans,  contact  between  infected
animals  and  susceptible  humans,  and  contact  among  domestic  animals  (
β1 , β2 , β3 , β4  ),  respectively  with  humans  recruitment  rate  (ϖ h),

significantly contributes to a higher basic reproduction number R0, leading to a
higher induced infection rate as more people become infected. While parameters
related to bacterial decay ( μ||b ) , natural mortality rates (μh , μd), and disease-

induced  mortality (δ h ) were  found  to  be  negatively  influencing  R0.
Furthermore,  numerical  simulations  demonstrate  that  implementing  a
combination  of  screening,  vaccination,  treatment,  and  non-pharmaceutical
interventions  substantially  reduces  the  reproduction  number  and  disease
prevalence  compared  to  implementing  single  interventions.  The  findings
emphasize  that  controlling  leptospirosis  requires  an  integrated,  multi-faceted
strategy, including environmental sanitation, reservoir control, fencing, the use
of proper protective equipment  (PPE),  and public health education to  reduce
exposure risks. The study provides a robust mathematical foundation to support
policymakers  in  developing  integrated  public  health  strategies  aimed  at
achieving long-term disease reduction.
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Introduction
Leptospirosis is  a  zoonotic disease caused

by  pathogenic  spirochetes  of  the  genus
Leptospira.  It  affects  both  humans  and
animals  and  remains  a  major  public  health
challenge  worldwide.  Transmission  occurs
through  direct  contact  with  the  urine  of
infected  animals  or  indirectly  via
contaminated water, soil, or food, where the
bacteria  can  persist  for  weeks  to  months
(Adler  and  de  la  Peña  Moctezuma  2010,
Paisanwarakiat  and  Thamchai  2021).
Seasonal  patterns  of  rainfall  and  flooding
amplify  its  spread  by  creating  favorable
environmental  conditions  for  bacterial
survival and dissemination (WHO 2009, Lau
et  al.  2010,  Desvars  et  al.  2011, Mughini-
Gras  2014).  Entry  into  the  human  body
typically  occurs  through  broken  skin  or
mucous  membranes  of  the  eyes,  nose,  or
mouth (Paisanwarakiat and Thamchai  2021),
with an incubation period ranging from 7 to
12 days (Gomes-Solecki et al. 2017)with high
occupational  exposure  such  as  agricultural
workers  in  rice  and  sugar  plantations,
veterinarians,  slaughterhouse  staff,  sewer
cleaners,  rescue  workers,  fishermen,  and
military  personnel  face  greater  risk
(Paisanwarakiat and Thamchai 2021, Okosun
et  al.  2016,  WHO  2009).  Clinical
presentation  in  humans  varies  from  mild
influenza-like symptoms (fever, muscle pain,
headache,  nausea,  diarrhea,  abdominal pain,
and  skin  rashes)  to  severe  manifestations,
including  jaundice,  meningitis,  renal  and
hepatic  failure,  hemorrhage,  and  respiratory
distress  (Khan  et  al.  2014).  In  domestic
animals,  leptospirosis  causes  reduction  in
milk  yield,  abortions,  stillbirths,  weak
offspring, and low growth rate (Engida et al.
2022, Sykes et al.  2022, Cilia 2020).  These
effects encompass companion animals (dogs,
cats), farmed livestock (cattle, sheep, goats),
and draft animals (horses, donkeys, camels).
Globally,  leptospirosis  accounts  for
approximately one  million cases  and nearly
60,000 deaths annually, with incidence rates
reaching 10–100 cases per 100,000 people in
tropical regions (De Vries et al. 2014, Felix et
al. 2020). High-burden regions include South
and  Southeast  Asia,  the  Caribbean,  Latin

America, and sub-Saharan Africa (Holt et al.
2006). In Tanzania, cases are concentrated in
areas  of  intense  human-livestock-wildlife
interaction  (Maze et  al.  2018,  Mgode et  al.
2021,  Katandukila  et  al.  2023).  A  notable
outbreak occurred in July 2022 in Lindi, with
20  confirmed  cases  and  three  deaths
(Masunga et al. 2022).

Despite  its  burden,  an  effective  universal
vaccine  for  leptospirosis  has  not  been
achieved.  Bacterin-based  vaccines  are
available  but  provide  only  serovar-specific
protection  (Koizumi  and  Watanabe  2005).
Therefore,  control  strategies  rely  on
treatment,  early  screening,  and  non-
pharmaceutical  measures  such  as  public
health education, reservoir control, protective
gear  (rubber  boots,  waterproof  gloves,
goggles), and hygiene improvement (Engida
et  al.  2022).  Socioeconomic  conditions
strongly  influence  transmission  dynamics:
poor  sanitation,  inadequate  drainage,
overcrowding, and limited awareness in low-
income communities increase risk and delay
treatment access (Baca-Carrasco et al. 2015,
Ojo et al. 2021, Batchelor 2012, Zaman et al.
2012).  Rodent  proliferation  in  such
environments  further  exacerbates  spread.
Several  mathematical  models  have  been
developed  to  study  leptospirosis  dynamics
and  interventions,  often  focusing  separately
on humans or animal reservoirs. For instance,
Okosun  et  al.  (2016)  evaluated  prevention,
vaccination,  and treatment  among livestock,
concluding that while animal vaccination and
treatment are effective, they may not be cost-
effective.  Eguda et  al.  (2023)  extended this
work by advocating for human vaccination to
prevent  reinfection.  Aslan  (2019)  assessed
cattle  interventions  and  found that  biannual
vaccination  was  more  effective  for
eradication than annual measures, particularly
when targeting adult cattle. Felix et al. (2020)
reviewed  emerging  human  vaccine
candidates but did not explore vector-focused
approaches.  While  these  studies  provide
valuable insights, most restrict their analysis
to  either  the  human  or  vector  (livestock,
rodents,  dogs)  population.  Few  models
integrate  interventions  across  humans,
domestic  animals,  and  environmental
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reservoirs simultaneously. To address gaps in
existing models, this study develops a novel
deterministic  model  extending  the
frameworks of Okosun et al. (2016), Bhalraj
(2019), Engida et al. (2022) and Eguda et al.
(2023). This model simultaneously evaluates
the  impact  of  screening,  vaccination,
treatment,  and  non-pharmaceutical  controls
on human and domestic animal populations,
incorporating  environmental  pathogen
concentrations and interactions using systems
of ordinary differential equations.

Model Formulation
Using  a  system  of  nonlinear  differential

equations,  this  study  builds  up  a
compartmental  mathematical  model  for  the
transmission  process  of  the  leptospirosis
epidemic,  considering  the  basic  model  in
(Engida  et  al.  2022).  The  model  includes
human,  vector  (domestic  animal),  and
bacterial  populations.  The  model  describes
division  of  human  population  at  time  t ,
denoted  by  N h (t ) into  susceptible  Sh ( t ),
vaccinated  V h (t ),  exposed  Eh ( t ),
asymptomatic  Ah (t ), symptomatic  I h ( t ) and
recovered  Rh (t ),  so  that
N h ( t )=Sh ( t )+V h ( t )+Eh ( t )+ Ah ( t )+ I h ( t )+Rh ( t )
.  Similarly,  the  population  of  domestic
animals  Nd (t ) is  divided  into  susceptible
animals  Sd (t ),  vaccinated  V d ( t ),  infected
animals I d ( t ) and those who have recovered
from  the  disease  Rd ( t ),  implying  that
N d ( t )=Sd (t )+V d ( t )+ I d ( t )+Rd (t ).  An
additional compartment B ( t ) representing the
concentration of bacteria in the environment
has  also  been  incorporated  in  the  model.
Contents in B (t ) can increase by the shading
of  pathogens  from  infected  humans  and
infectious  domestic  animals  at  the  rates  ϕh

and  ϕd respectively.  Susceptibles  from  the
humans  and  animals  are  vaccinated  at  the
rates  θh and  θd  respectively.  Non-
pharmaceutical  interventions  denoted  by  u
are also put in place to minimize the spread
of  the  disease.  Non-pharmaceutical  controls

include  public  health  education  campaigns
like controls of reservoir animal population,
using  appropriate  protective  gears  (rubber
boots, waterproof, goggles, and gloves), and
general  hygiene.  It  is  also  assumed  that
infected  humans  and  domestic  animals  are
treated at the rates  α h and  α d , respectively.
Asymptomatic  individuals  become
symptomatic by screening at the rate ξh. The
force of infection for humans is 

λh=λhd+λhB=  
β3 (1− u ) Id

Nd
+  

β2 (1− u ) B
(B+b )

,

since   λhd=
β3 (1 −u ) I d

Nd
,  and

λhB=
β2 (1− u ) B

(B+b )
.  Similarly  force  of

infection for domestic animals is given by λd

=λdd+λdB=  
β4 (1 −u ) I d

Nd
+  

β1 (1− u ) B
(B+b )

,

since   λdd=
β4 (1−u ) I d

N d
,  and

λdB=
β1 (1− u ) B

(B+b )
.   Parameter  b represents

the  concentration  of  bacteria,  β2 is  the
transmission  of  infections  from  a
contaminated  environment  to  susceptible
humans, and  β3 represents  the transmission
of infections from infected domestic animals
to  susceptible  humans.  β1 represents
transmission  of  infections  from  a
contaminated  environment  to  susceptible
domestic  animals,  and  β4 represents
transmission  of  infections  among  domestic
animals.  Parameters  ϵ h and  ϵ d represent
vaccination efficacy in human and domestic
animals,  implying  that  vaccinated  humans
and  animals  may  eventually  contract  the
infections at the reduced rates of  (1 −ϵ h ) λh

and (1−ϵ d ) λd respectively. 
In  formulating  the  model,  we  assume  all

parameters  are  non-negative.  Susceptible
humans enter the population via migration at
a  constant  rate  ϖ h,  whereas  susceptible
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domestic animals are recruited through births
at rate ϖ d. Humans acquire infection through
two  routes;  direct  contact  with  infected
domestic  animals  and  exposure  to
contaminated environmental sources under a
homogeneous  mixing  framework  between
human  and  domestic  animal  populations.
Because  human-to-human  transmission  of
leptospirosis  is  rare,  it  is  neglected.  For
domestic  animals,  once  infected  they  either

die of the disease or remain infected unless
treated;  thus,  recovery  occurs  only  through
treatment.  We further  consider  a  free-range
management  system  for  domestic  animals
and do not include animal migration.
Other  parameters  in  model  system  1  are
described in Table 1.
The  dynamics  of  the  disease  can  be
visualized in Figure 1:

Figure 1: Transfer diagram for the leptospirosis disease model

Table1: Description of Parameters of Model (1)
Parameter Description Value Unit Source

ϖ h , ϖd Recruitment rates 1.74; 1.34 Da y− 1   Okosun  et  al.
(2016)

ph , pd Proportion  of  recruitment
without vaccination

3 ×10− 5;5 ×10−4Dimensionless Estimated

β1 Transmission  rate  from
contaminated  environment
to domestic animals

0.12 Da y− 1 Aslan (2019)

β2 Transmission  rate  from
contaminated  environment
to humans

0.004 Da y− 1 Baca-Carrasco
et al. (2015)

β3 Transmission  rate  from
infected  domestic  animals
to humans

0.033 Da y− 1 Engida  et  al.
(2022)
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Parameter Description Value Unit Source
β4 Transmission  rate  among

domestic animals
0.05 Da y− 1 Baca-Carrasco

et al. (2015)
α h , αd Treatment rates 0.072;

0.064
Da y− 1 Engida  et  al.

(2022)
μh , μd , μb Natural  death  rates  for

humans, domestic animals,
and bacteria

0.062;
0.018; 
0.11

Da y− 1 Okosun  et  al.
(2016);  Aslan
(2019) 

b Concentration  of  bacteria
in the environment

10000 CFU/mL Aslan (2019)

ϑ h Human screening rate 0.067 Da y− 1 Estimated

δ h , δd Disease-induced  death
rates

0.04; 0.01 Da y− 1 Okosun  et  al.
(2016)

ϕh , ϕd Shedding  rate  from
infected  individuals  to  the
environment

0.8; 0.06 Da y− 1 Engida  et  al.
(2022)

φh , φd Temporary recovery rates 0.089; 0.83 Da y− 1 Engida  et  al.
(2022)

θh , θd Vaccination rates 0.02; 0.03 Da y− 1 Estimated

τ h , τ d Vaccination waning rates 0.004;
0.013

Da y− 1 Eguda  et  al.
(2023);  Zaman
et al. (2012)

ε h, ε d Vaccination efficacy 0.7;0.5 Dimensionless Estimated

ξh Asymptomatic  natural
recovery rate

0.05 Da y− 1 Estimated

ηh Progression  rate  from
exposed  humans  to
asymptomatic  and
symptomatic stages

0.090
2

Da y− 1 Engida  et  al.
(2022)

ρh Proportion  transitioning
from exposed to infectious

0.00056 Dimensionless Estimated

u Non-pharmaceutical
control rate

0.58 Dimensionless Estimated

Based on the above descriptions and assumptions, the model is formulated as the following
system of ordinary differential equations:𝑑𝑆 /ₕ 𝑑𝑡 = 𝑝ₕ𝜔  + ₕ φₕ𝑅  + ₕ 𝜏ₕ𝑉  − (ₕ 𝜇  + ₕ 𝜆  + ₕ 𝜃 )ₕ 𝑆  ₕ𝑑𝑉 /ₕ 𝑑𝑡 = (1 − 𝑝 )ₕ 𝜔  + ₕ 𝜃ₕ𝑆  − ((1 − ₕ 𝜀 )ₕ 𝜆  + ₕ 𝜇  + ₕ 𝜏 )ₕ 𝑉  ₕ𝑑𝐸 /ₕ 𝑑𝑡 = 𝜆ₕ𝑆  + (1 − ₕ 𝜀 )ₕ 𝜆ₕ𝑉  − (ₕ 𝜂  + ₕ 𝜇 )ₕ 𝐸  ₕ𝑑𝐴 /ₕ 𝑑𝑡 = (1 − 𝜌 )ₕ 𝜂ₕ𝐸  − (ₕ 𝜇  + ₕ 𝜉  + ₕ 𝜗 )ₕ 𝐴  ₕ𝑑𝐼 /ₕ 𝑑𝑡 = 𝜌ₕ𝜂ₕ𝐸  + ₕ 𝜗ₕ𝐴  − (ₕ 𝜇  + ₕ 𝛼  + ₕ 𝛿 )ₕ 𝐼ₕ (1) 𝑑𝑅 /ₕ 𝑑𝑡 = 𝛼ₕ𝐼  + ₕ 𝜉ₕ𝐴  − (ₕ 𝜇  + ₕ φ )ₕ 𝑅  ₕ𝑑𝑆𝑑/𝑑𝑡 = 𝑝𝑑𝜔𝑑 + φ  𝑑𝑅𝑑 + 𝜏𝑑𝑉𝑑 − (𝜇𝑑 + 𝜆𝑑 + 𝜃𝑑)𝑆𝑑 𝑑𝑉𝑑/𝑑𝑡 = (1 − 𝑝𝑑)𝜔𝑑 + 𝜃𝑑𝑆𝑑 − ((1 − 𝜀𝑑)𝜆𝑑 + 𝜇𝑑 + 𝜏𝑑)𝑉𝑑 𝑑𝐼𝑑/𝑑𝑡 = 𝜆𝑑𝑆𝑑 + (1 − 𝜀𝑑)𝜆𝑑𝑉𝑑 − (𝜇𝑑 + 𝛼𝑑 + 𝛿𝑑)𝐼𝑑 𝑑𝑅𝑑/𝑑𝑡 = 𝛼𝑑𝐼𝑑 − (𝜇𝑑 + φ  𝑑)𝑅𝑑 𝑑𝐵/𝑑𝑡 = 𝜙ₕ𝐴  + ₕ 𝜙ₕ𝐼  + ₕ 𝜙𝑑𝐼𝑑 − 𝜇𝑏𝐵
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The initial conditions of the model are: 
Model Analysis
Positive Invariant Region of the System

The focus of this section is to ensure the biological and mathematical relevance of the model
system 1. We investigate all necessary state variables of the model to ensure that they remain
positive throughout the whole duration of the model simulation∀ t ≥ 0. In this part, the basic
properties of the model system 1 were analyzed. The model is biologically and mathematically
meaningful when its solutions are positive and bounded.
Theorem 1 (Positivity): Let the initial conditions of the model system be:
Sh>0 , V h>0 , Eh ≥ 0 , Ah≥ 0 , I h ≥ 0 , Rh≥ 0 ,
Sd>0 ,V d>0 , I h≥ 0 , Rd ≥ 0 ,B ≥ 0.
Then, for all t > 0, the solutions Sh , V h , Eh , Ah , I h , Rh , Rh , Sd ,V d , I d , B of the model 
system (1) will remain positive.
Proof: Considering the equations of the model system (1):
The first equation is:𝑑𝑆 /ₕ 𝑑𝑡 = 𝑝ₕ𝜔  + ₕ 𝜙ₕ𝑅  + ₕ 𝜏ₕ𝑉  − (ₕ 𝜇  + ₕ 𝜆  + ₕ 𝜃 ) ₕ 𝑆   ₕ

This can be written as:
dSₕ/dt ≥− (μₕ+λₕ+θₕ ) Sₕ

Upon separating variables and integrating:

∫
0

t dSₕ
Sₕ ≥ −∫

0

t

( μₕ+λₕ ( t )+θₕ ) Sh ( t ) dt

ln
Sh ( t )
Sh (0 )

≥ − ( μₕ+θₕ ) t −∫
0

t

λₕd

Thus:

Sh (t )≥ Sh (0 ) e
− (μₕ+θₕ) t −∫

0

t

λh ( s) ds

Similarly, for:
dVₕ /dt=(1− pₕ ) ϖₕ+θ Sₕ ₕ− ( (1− εₕ) λₕ+μₕ+ τₕ) Vₕwe get:

V h ( t ) ≥ V h (0 ) e
− (μₕ+τₕ) t −∫

0

t

(1 − εₕ) λₕdt

For the exposed human class:
d Eh/dt ≥ − (μₕ+θₕ ) Eh

we get:
Eh (t )≥ Eh (0 ) e− ( μₕ+θₕ )t

For the 7th and 8th equations:

Sd ( t )≥ Sd (0 ) e
− (μ d+θd ) t −∫

0

t

λd ( s )ds

V d ( t )≥ V d (0 )e
−( μd+τ d )t −∫

0

t

( 1 −ε d) λd (s ) ds

Therefore, all solutions of the model system (1) with positive initial data will remain positive 
for all t > 0.
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Invariant Region
We have to ensure that the model solutions are bounded within a biologically feasible region,

ensuring the sustainability and long-term applicability of the leptospirosis transmission model.
To prove the solution of model system (1) is bounded, Theorem  2, is stated and proved as
follows:
Theorem 2. All Possible Solutions of model system (1) are contained within a uniformly 
bounded region 

Ω={( Sh, V h , Eh , Ah , I h , Rh , Sd , V d , I d ,Rd , B ) ∈ R
+❑11: N h≤

ϖh

μh
, Nd ≤

ϖd

μd
, B ≤(ϕh ϖh

μh μb
+

ϕd ϖ d

μd μb
)}

(2)
Proof. The method, as applied by Mwasunda et al. 2023, was used to prove this Theorem.

The initial populations of humans and domestic animals are considered as N h (0 ) and Nd (0 )
respectively, and the initial concentration of pathogens as B (0 ). The first six equations of the
model system 1 enable us to derive the total population size of human that gives: 
d Sh

dt
=ϖh− μh N h− δh I h, (3)

⟹
d Sh

dt
≤ ϖh − μh Nh . Solving  the  differential  inequality,  model  system  1  yields  the

solution N h ( t )≤
ϖh

μh
+(Nh (0 )−

ϖh

μh
)e− μh t . (4)

As  t → ∞,  Nh (t )→
ϖh

μh ,
 and hence we obtain  N h ( t )≤

ϖh

μh
. Also, from model  1 the overall

dynamics of the domestic animal population is defined as 

 
d N d

dt
=ϖd − μd Nd − δd I d ,⟹

d Nd

dt
≤ ϖ d − μd Nd (5)

 Solution of the differential inequality for Nd ( t ) is Nd (t )≤
ϖd

μd
+( Nd (0 ) −

ϖd

μd
)e− μd t . When

t →∞, Nd (t )→
ϖd

μd ,
 which leads us to the conclusion that N d (t )≤

ϖd

μd
. 

Similarly, model 1 gives the concentration of bacteria as

 
dB
dt

=( Ah+ I h ) ϕh+ϕd I d − μb B , (6) 

which can be written as: 
dB
dt

+μb B=( Ah+ I h ) ϕh+ϕd I d . Since the total human and domestic

animal population is given as:

Nh ( t )=Sh ( t )+V h (t )+Eh ( t )+ Ah ( t )+ I h ( t )+Rh ( t )≤
ϖh

μh
 and

N d (t )=Sd (t )+V d (t )+ I d (t )+Rd (t ) ≤
ϖd

μd
, then it is obvious that Ah ( t )+ I h (t )≤

ϖh

μh
 and
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I d ( t ) ≤
ϖd

μd
.

Therefore, we have: 
dB
dt

+μb B ≤
ϕh ϖh

μh
+

ϕd ϖd

μd
. Using the integrating factor and applying 

the initial condition, we get:

 B (t ) ≤( ϕh ϖh

μh μb
+

ϕd ϖd

μd μb )+(B (0 )−( ϕh ϖh

μh μb
+

ϕd ϖd

μd μb ))e−μb t
 (7)

As t → ∞, we obtain B ( t ) ≤( ϕh ϖh

μh μb
+

ϕd ϖd

μd μb
) . 

Therefore, the solution of model system 1  is positive and bounded in the region  

Ω={( Sh, V h , Eh , Ah , I h , Rh , Sd , V d , I d ,Rd , B ) ∈ R
+❑11: N h≤

ϖh

μh
, Nd ≤

ϖd

μd
, B ≤(ϕh ϖh

μh μb
+

ϕd ϖ d

μd μb )}
(8)

Using the standard techniques outlined in,  the feasible region can be demonstrated to be
positively invariant. Consequently, all solutions ( Sh , V h , Eh , Ah , Ih , Rh , Sd ,V d , I d , Rd , B )
remain  within  the  regionΩ,  ensuring  that  the  model  is  both  mathematically  and
epidemiologically well-posed.
Basic Model
Considering the basic model, the following system of nonlinear differential equations describes
the transmission dynamics of leptospirosis under consideration:𝑑𝑆 /ₕ 𝑑𝑡 = 𝜔  + ₕ φₕ𝑅   − (ₕ 𝜇  + ₕ 𝜆  )ₕ 𝑆ₕ𝑑𝐸 /ₕ 𝑑𝑡 = 𝜆ₕ𝑆  − (ₕ 𝜂  + ₕ 𝜇 )ₕ 𝐸ₕ𝑑𝐼 /ₕ 𝑑𝑡 = 𝜂  ₕ 𝐸  − (ₕ 𝜇  + ₕ 𝜉  + ₕ 𝛿 )ₕ 𝐼  ₕ𝑑𝑅 /ₕ 𝑑𝑡 = 𝜉ₕ𝐼  − (ₕ 𝜇  + ₕ φ ) ₕ 𝑅ₕ (9)𝑑𝑆𝑑/𝑑𝑡 = 𝜔𝑑 − (𝜇𝑑 + 𝜆𝑑 )𝑆𝑑𝑑𝐼𝑑/𝑑𝑡 = 𝜆𝑑𝑆𝑑 − (𝜇𝑑 + 𝛿𝑑)𝐼𝑑𝑑𝐵/𝑑𝑡 = 𝜙ₕ𝐼  + ₕ 𝜙𝑑𝐼𝑑 − 𝜇𝑏𝐵         
Sₕ (0 )>0, Eₕ (0 )≥ 0, Iₕ (0 ) ≥ 0,Rₕ (0 )≥ 0 , S d (0 )>0, 𝐼𝑑 (0) ≥ 0, 𝐵 (0) ≥ 0.

The forces of infection are given by:                   λh=
β3 I d

N d
+

β2 B
( B+b )

 ,  λd=
β4 I d

Nd
+

β1 B
( B+b )

Disease Free Equilibrium and Basic Reproduction Number
When there are no infections in humans and domestic animal, the disease free equilibrium E0  
is given by:

 Sh
0 , Eh

0 , I h
0 , Rh

0 , Sd
0 , I d

0 , B0=( ϖh

μh
, 0 ,0 ,0 ,

ϖd

μd
,0 ,0) (10)

The Basic Reproduction Number  R0is defined as the average number of secondary cases
produced by one infectious case in a completely susceptible population (Martcheva 2015, Van
den Driessche and Watmough 2002).

It is also used to assess the stability of the disease-free equilibrium (DFE) and the endemic
equilibrium (EE).  In this work, the next-generation approach proposed by Van den Driessche
and Watmough (2002) was used to compute R0. The next-generation matrix is given by:

590



Tanz. J. Sci. Vol. 51(3) 2025

F V − 1=
∂ ( Fi ( E0 ))

∂ x j
×

∂ (V i
− 1 ( E0 ))

∂ x j

(10)

where F i is the rate of appearance of infection in compartment i, V i  = V i
−  - V i

+¿¿ is the

transfer rate of individuals from one compartment i to another,  V i
−  is the rate of transfer of

individuals out of compartment i, V i
+¿¿   is the rate of transfer of individuals into compartment

i , and x j represents the infected classes.
From the given model system (10 ) 

F i=((
β3 I d

N d
+

β2 B
(B+b ) )Sh

0

( β4 I d

N d
+

β1 B
(B+b ) )Sd

0
) , V i=(

(ηₕ+μₕ ) Eₕ
( μₕ+ξₕ+δₕ) Iₕ− ηₕEh

( μd+δ d ) I d

μb B − ϕ Iₕ ₕ+ϕₕ I d
), 

The Jacobian matrices F  and V at the disease-free equilibrium E0 are given by:

Where,  a1=(ηh+μh ), b1=(δ h+μh+ξh ),  c1=( μd+δ d ),  Sh
0=

ϖh

μh
,  Sd

0=
ϖd

μd
.

Thus, the basic reproduction number R0 is given by:

R0=ρF V −1 (11)
By using definition (12 ), the basic reproduction number R0 is:

R0=
1
2 (G1+G4+√(G1 −G4 )2+4G2G3 ) (12)

G1=
ϖh

μh ( β3

Nd ( μd+δd )
+

β2 β2 σϕd

b μb )+ β1 ϖd

b μb μd
 ,  G2=

ϖh

μh

β2

b μb μd
,

G3=
ϖd

μd ( μd+δ d ) (
β4

Nd
+

β1 ϕd

bμb
) 
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F=( 0 0 β3 Sh
0

N d
||β2 Sh

0

b
||0||0||0||0||0||0||β4 Sd

0

Nd
||β1 Sd

0

b
||0||0||0||0|) , V −1=(

1
a1

0 0 0

ηh

a1 b1

1
b1

0 0

0 0 1
c1

0

0
ϕh

b1 μb

ϕd

c1 μb

1
μb

)
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G4=
β1 ϖd

μd b μb
, 4 G2G3=4 ( β2 ϖh ϖd

μd
2 ( μd+δd ) bμb μh

( β4

Nd
+

β1 ϕd

b μb
))

To provide biological interpretation, the basic reproduction number R0 is expressed in the 
form of: 
R0

ϖh

μh
 and  

ϖd

μd
: Represent the average number of susceptible humans and domestic animals at

equilibrium. 
β3

N d ( μd+δd )
 represents the risk of transmission from infected domestic animals

to susceptible humans per contact, adjusted by the domestic animal population size and their

removal  (death  +  disease  mortality)  rates.   
β2 ϕd

b μb
:  Represents  environment  to  human

transmission.  
β1

b μb
: Represents the environment for domestic animal transmission, involving. 

 
β4

N d
: Represents animal to animal transmission, adjusted by the domestic animal population.

β1 ϕd

b μb
:  Represents  the effect  of  environmental  contamination due to shedding by domestic

animals on transmission to animals.
 R0 Increases  with recruitment  rates  (ϖ h,  ϖ d),  leading to  more susceptible humans and

domestic animals.  Transmission rates β1,  β2,  β3,   β4 increasing the likelihood of spread
between  compartments.  Shedding  rates (ϕh , ϕd),  increasing  environmental  contamination
which  enhance  indirect  transmission.  R0 also decreases  with,  natural  mortality  rates (
μh , μd , μb) and disease-induced mortality (δ h ) , which reduce the number of infectious and

susceptible  individuals,  thereby  decreasing  transmission.  Bacterial  decay  rate  ( μb ) reduce
environmental transmission. Thus, interpretation demonstrates that the derived  R0 quantifies
the combined effects of direct transmission (animal to human, animal to animal) and indirect
transmission  (through  environment)  within  the  community.  R0>1  indicates  potential  for
outbreak persistence, while R0<1 suggests disease elimination under the modeled parameters,
providing a rigorous foundation for targeted control measures in leptospirosis management.]
Model with Interventions
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Disease Free Equilibrium (DFE) and the Effective Reproduction NumberRe 
The  disease-free  equilibrium (DFE)  of  leptospirosis  is  in  a  stable  state  when  there  is  no
infection present. We denote the state by E01 and is given by;

E01=(
ϖh ( ph μh+ τh )
μh ( μh+θh+τh )

,
ϖ h (μh (1 − ph )+θh )

μh ( μh+θh+τh )
,0 , 0 ,0 , 0 ,

ϖ d ( ph μd+τd )
μd ( μd+θd+τd )

,
ϖd ( μd (1 − pd )+θd )

μd ( μd+θd+τd )
,0 ,0 , 0 ) (13)

In  epidemiology,  the  effective  reproduction  number  often  denoted  as  Re is  the  average
number of secondary cases per infectious individuals in a population including the effects of
immunity (either from previous infections or vaccination), non-pharmaceutical controls (such
as controls of reservoir animal population and using appropriate protective gears (rubber boots,
water  proof,  goggles,  gloves)  and  general  hygiene)  and  other  factors.  The next  generation
matrix approach as applied by Mwasunda et al. (2021), Irunde et al. (2023) and Ndendya et al.
(2023), was occasionally used to determine the effective reproduction number. This approach
involves the formation of a matrix that reflects the interaction and transition of individuals
among different compartments of the disease model. 
The intervention measures are ineffective when Re>1, and effective when Re<1.  The 
effective reproduction number Re ≥ 1 ,for model system (1) is given by:

Re=
1
2 (RB+√RB

2 +4 Rdh) , (14)

, 
where,

ed=
β4 (1 −u ) [ (1 − ϵd ) V d

0 ]
N d

, eh=
β3 (1 −u ) [ (1− ϵd ) V d

0 ]
Nd

, f h=
β2 (1− u ) [ (1 −ϵ d )V d

0 ]
b

,

dh=
β2 (1 −u ) Sh

0

b
, 

cd=
β4 (1 −u ) Sd

0

N d

, dd=
β1 (1− u ) Sd

0

b
, f d=

β1 (1 −u ) [ (1 − ϵd ) V d
0 ]

b
, ch=

β3 (1 −u ) Sh
0

N d

.

,
u11=ηh+μh,  u21=− (1− ρh ) ηh, u22=μh+ξh+ϑ h, u31=− ρh ηh, u32=− ϑh ,
u33=μh+αh+δh, u44=μd+αd+δ d, u52=¿ u53=− ϕh, u54=−ϕd, u55=− μb
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RB=
(β2 (1− u ) [ Sh

0+(1− ϵ h ) V h
0 ] u11

2 u22
2u33

2u44u55
2 [u21u33 u52+u22u31u53−u21 u32u53 ] )

b
−

β1 (1− u ) [ Sd
0+ (1− ϵ d ) V d

0 ]u11
2 u22

3 u33
3u54u55

2

b
+β4 (1−u ) [ Sd

0+(1− ϵd ) V d
0 ] u11

2u22
3u33

3 u55
3

Nd

RB=( dh+ f h ) u11
2u22

2u33
2 u44 u55

2 [u21u33u52+u22u31 u53−u21u32u53 ] − (dd +f d ) u11u22
3u33

3 u54 u55
2+( cd+ed ) u11

2u22
3 u33

3 u55
3
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RB=
(β2 (1− u ) [ Sh

0+(1− ϵ h ) V h
0 ] A1 B1 )

b
−

β1 (1 −u ) [ Sd
0+ (1− ϵ d ) V d

0 ]C1

b
+β4 (1 −u ) [ Sd

0+ (1− ϵ d ) V d
0 ] D1

N d

, (15)

and 
A1= [u21u33u52+u22 u31u53− u21u32u53 ]=(1 − ρh ) ( μh+αh+δ h− ϑh )+ ρh ( μh+ξh+ϑ h )

B1=u11
2u22

2 u33
2u44 u55

2=(ηh+μh )2 ( μh+ξh+ϑ h )2 ( μh+α h+δh )2 ( μd+α d+δ d ) μb
2
,

A1 B1=[(μh+α h+δ h− ϑh)+ ρh (ξh+2 ϑh −α h− δ h)]
× ( (ηh+μh)2 ( μh+ξh+ϑ h )2 ( μh+αh+δh )2 ),
C1=u11

2u22
3u33

3 u54 u55
2=− (ηh+μh )2 ( μh+ξh+ϑ h )3 (μh+α h+δh )3 ϕd μb

2
,

D1=u11
2u22

3 u33
3u55

3=( ηh+μh )2 ( μh+ξh+ϑh )3 ( μh+α h+δ h )3 μb
3
.

Sh
0=

ϖh ( ph μh+τh )
μh ( μh+θh+τh )

,  V h
0=

ϖ h (μh (1 − ph )+θh )
μh ( μh+θh+τh )

, Sd
0=

ϖ d ( ph μd+τd )
μd ( μd+θd+ τd )

,

V d
0=

ϖd (μd (1− pd )+θd )
μd ( μd+θd +τd )

Rhd=K .
where, K=u11

3 u22
5u33

5 u44 u55
5u21u52

                                          K '=u11
3 u22

6 u33
5u44u55

5 u31u53,

K ' '=u11
3u22

5u33
5 u44 u55

5u21u32u53

Rhd=K .+ K ' . [c||d (dh − dd )+ed (dh+ f h ) −eh ( dd+ f h ) − f d ch ]+ K ' ' .

+ K ' .
(16)

where, RB represents infections acquired by humans and domestic animals through 
consumption of contaminated materials from the environment, while Rhddescribes infections 
acquired by susceptible humans and domestic animals from infected domestic animals during 
the infectious period.
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[ β4 (1− u ) Sd
0

Nd
( β2 (1− u ) Sh

0

b −
β1 (1 −u ) Sd

0

b )+ β4 (1 −u ) (1 −ϵ d ) V d
0

Nd
.( β2 (1 −u ) Sh

0

b +
β2 (1 −u ) (1 − ϵ d ) V d

0

Nd
)]

+[− β3 (1− u ) ( 1− ϵ d ) V d
0

Nd
( β1 (1 −u ) Sd

0

b
+

β2 (1− u ) (1− ϵ d ) V d
0

b )−( β3 (1 −u ) Sh
0

b
.

β1 (1− u ) (1− ϵ h ) V d
0

b )]
+K ' ' . [( β3 (1− u ) Sh

0

Nd
+

β3 (1 −u ) (1 −ϵ d )V d
0

N d
)( β1 (1 −u ) (1 −ϵ d )V d

0

b +
β1 (1 −u ) Sd

0

b )−( β4 (1− u ) Sd
0

Nd
+

β4 (1 −u ) (1 −ϵ d )V d
0

N d
)( β2 (1 −u ) (1 −ϵ d )V d

0

b +
β2 (1 −u ) Sh

0

b )]

Rhd=K .[ β3 (1−u ) Sh
0

N d
.( β1 (1− u ) Sd

0

b +
β2 (1 −u ) Sh

0

b −
β1 (1−u ) (1− ϵd ) V h

0

b )¿ − β3 (1−u ) (1 − ϵ d ) V h
0

N d
( β1 (1−u ) Sd

0

b +
β1 (1−u) (1 −ϵ d ) Sh

0

Nd
)+ β2 (1 −u ) (1− ϵd ) V d

0

b ( β4 (1 −u ) Sd
0

N d
+

β4 (1− u ) (1− ϵ d ) V d
0

Nd
)− β2 (1−u ) Sh

0

b .
β4 (1− u ) [ (1− ϵ d ) V d

0 ]
N d ]
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Global Stability of the Disease-Free Equilibrium Point (DFE)
This section applies the approach of Castillo-Chavez et al. (2002) to analyze the global stability
of the disease-free equilibrium point of the model system (1). The model system (1) can be 
written in the form of:

{ dP
dt

¿F (P , Q )

dQ
dt

¿G ( P ,Q ) ,with G ( P , 0 )=0
 (17)

In  this  system,  P represents  disease-free
subgroups,  which  are
( Sh ,V h , Rh , Sd , V d , Rd ) and
Q=( Eh , Ah , I h , I d , B ) represents
infectious  subgroups.  If  the  following
conditions  ( H1 ) and  ( H 2 ) are satisfied, then
the global stability of E0 is guaranteed when
R0<1:
(H1) For dP/dt = F (P, 0), P* is globally 
asymptotically stable (g.a.s).
(H2) G (P, Q) = A Q – Ĝ (P, Q), where Ĝ (P, 
Q) ≥ 0 for (P, Q) ∈ Ω.

In this case, the Jacobian A=∂G
∂Q

( P❑ ,0 ) is
a Metzler matrix (off-diagonal elements of A
are non-negative) and Ω is the region where
the model system yields a solution which is
biological meaningful. If the model system1
satisfies  the  above  conditions,  then  the
following theorem holds;
Theorem 3.  The disease-free equilibrium E0

,  is  globally  asymptotically  stable  if  Re<1
and unstable otherwise. 
Proof. To prove Theorem 3, the method used 
by is applied. Then, it is required to show that
the conditions ( H1 ) and ( H 2 ) hold if Re<1 .
For condition ( H 1 ).

The model system can be written in form of P , Q and

( P❑ , 0 )=(
ϖh ( ph μh+ τh )
μh ( μh+θh+ τh )

,
ϖh (μh (1 − ph )+θh )

μh ( μh+θh+τh )
, 0 , 0 ,0 , 0 ,

ϖd ( ph μd +τd )
μd ( μd+θd+τd )

,
ϖd (μd (1− pd )+θd )

μd ( μd+θd+τ d )
, 0 , 0 , 0 ) , (18)

then,
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dP
dt

=(
phϖ h+φh Rh+ τh V h−(μh+( β3 (1 −u ) I d

Nh
+

( β2 (1−u ) B )
(B+b ) Nh

)+θh)Sh

(1− ph ) ϖh+θh Sh −( (1− εh )( β3 (1−u ) I d

Nh
+

( β2 (1 −u ) B )
( B+b ) Nh

)+μh+ τh)V h

α h I h+ξh Ah− ( μh+φh ) Rh

pd ϖd+φd Rd+ τd V d −(μd+( β4 (1 −u ) I d

Nd
+

( β1 (1− u ) B )
(B+b ) Nd

)+θd) Sd

(1− pd ) ϖ d+θd Sd −((1 − εd ) ( β 4 (1−u ) I d

Nd
+

( β1 (1− u ) B )
(B+b ) Nd

)+μd+τd)V d

αd I d − ( μd+φd ) Rd

) (19)

At DFE E0=( P❑ ,0 ) yields,

dP
dt

=F ( P , 0 )=(
ph ϖh+τh V h− ( μh+θh) Sh

(1− ph ) ϖh+θh Sh − ( μh+ τh )V h

0
pd ϖd+τd V d − ( μd+θd ) Sd

(1− pd ) ϖd+θd Sd − ( μd+τd ) V d

0
). (20)

From the matrix we have, 
d Sh ( t )

dt
=ph ϖh+τh V h− ( μh+θh ) Sh , 

This is a linear first o.d.e and its solution can be found as: 

     
d Sh (t )

dt
+( μh+θh ) Sh=ph ϖh+τhV h .

By using the concept of integrating factor it yields, I=exp ∫ ( μh+θh ) dt  ⟹Ie ( μh+θh ) t.
Multiply equation by integrating factor on both sides;

e ( μh+θh )t ( d Sh (t )
dt

+( μh+θh ) Sh)=( ph ϖh+τ hV h ) e ( μh+θh ) t ,

⟹∫
0

t
d
ds

(S e ( μh+θh ) s )ds=( ph ϖh+τ hV h )∫
0

t

e ( μh+θh ) s ds ,

⟹Sh (t )=S (0 )e− ( μh+θh) t+( ph ϖh+τh V h

μh+θh ) (1 −e−( μh+θh) t ) ,
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Sh ( t )=
phϖ h+τhV h

μh+θh
−( ph ϖh+ τhV h

μh+θh
− Sh (0 ))e− (μ h+θh )t . (21) 

In the same way, upon integration by separating the variables and applying initial conditions
for the remaining state variables gives;

V h (t )=
(1 − ph) ϖh+θh Sh

(μh+τh )
−( ( 1− ph ) ϖh+θh Sh

( μh+τh )
−V (0 ))e− ( μh+τ h) t . (22)

Sd ( t )=
pd ϖd +τd V d

μd +θd
−( pd ϖd+τd V d

μd+θd
− Sd (0 ))e−( μd+θd ) t . (23)

V d ( t )=
(1− pd ) ϖd+θd Sd

( μd+ τd )
−( (1− pd ) ϖ d+θd Sd

( μd+τ d )
−V (0 ))e− ( μd+τh ) t . (24)

From Sh ( t ) ,V h ( t ), Rh , Sd ( t ) ,V d ( t )and Rd ( t ), it is clearly that, Sh ( t )→
ph ϖh+ τhV h

μh+θh
,

V h ( t ) →
(1 − ph ) ϖ h+θh Sh

(μ+τ )
, Rh=0 , Sd ( t )=

pd ϖd+ τd V d

μd+θd
, V d (t )=

( 1− pd ) ϖd+θd Sd

(μh+τh )
 

and Rd ( t )=0 as t →∞, regardless of the values of Sh (0 ) , V h (0 ), Rh (t ), Sd (0 ) , V d (0 )and

Rd ( t ). Thus P❑ is globally asymptotically stable.   Hence, condition ( H 1 ) is satisfied.

Again, for condition ( H 2 ) gives:

G (P ,Q )

( ( β3 (1−u ) I d

Nh
+

( β2 (1− u ) B )
(B+b ) Nh

)Sh+( 1− εh )( β3 (1−u ) I d

N h
+

( β2 (1− u ) B )
( B+b ) Nh

)V h− (ηh+μh ) Eh

(1− ρh ) ηh Eh − ( μh+ξh+ϑ h ) Ah

ρh ηh Eh+ϑh Ah− ( μh+α h+δ h ) I h

( β 4 (1 −u ) I d

Nd
+

( β1 (1− u ) B )
(B+b ) Nd

)Sd+(1 −ε d )( β4 (1− u ) I d

Nd
+

(β1 (1−u ) B )
( B+b ) N d

)V d − ( μd+αd+δd ) I d

ϕh Ah+ϕh I h+ϕd I d− μb B

)
(25)

Recall that  A=∂G
∂Q

( P❑ ,0 ). Since, it is clearly the Matrix  A is a Metzler matrix (its off-

diagonal elements are non-negative). Then, Ĝ (P ,Q )=AQ −G (P ,Q ) . That is,
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Ĝ (P ,Q )=(
− (a1 ) 0 0

(1− u ) β3

Nh
(Sh

❑+V h
❑ (1 − εh ))

(1− u ) β2

Nh b (Sh
❑+V h

❑(1 − εh ))
a2 −a3 0 0 0

ηh ρh ϑ h −a5 0 0

0 0 0
+ (1 −u ) β3

N d
(Sh

❑V d
❑ (1− εd ))− a5

(1− u ) β2

N d b (Sd
❑+V d

❑ (1 − εd ))
0 ϕh ϕh ϕd − μb ,

)
(
Eh

Ah

I h

I d

B
)−(

λh Sh+(1 − εh ) λh V h− (ηh+μh ) Eh

(1− ρh ) ηh Eh − ( μh+ξh+ϑ h ) Ah

ρhηh Eh+ϑ h Ah− ( μh+α h+δ h) I h

λd Sd +(1− ε d ) λd V d − ( μd+αd+δ d ) I d

ϕh Ah+ϕh I h+ϕd I d − μb B
) (26)

(27)
Since Sh

❑>Sh , V h
❑>V h, Sd

❑>Sd and V d
❑>V d it is clear that Ĝ (P ,Q ) ≥ 0 and

P❑=( ph μh+τhV h

( μh+θh )
,
ϖ h (μh (1− ph )+θh )

μh ( μh+θh+τh )
, 0 , 0 ,0 , 0 ,

ϖd ( ph μd+ τd )
μd ( μd+θd+ τd )

,
ϖd (μd ( 1− pd )+θd )

μd ( μd+θd+ τd )
,0 , 0 , 0)

(28)

is a global asymptomatically stable of 
dP
dt

=F ( P , 0 ). Hence the theorem is proved. 

This  global  asymptotic  stability  of  the
disease-free equilibrium (DFE) implies that,
under the given conditions, leptospirosis will
eventually  be  eliminated  from  both  human
and  domestic  animal  populations  if  the
effective reproduction number is maintained
below  one.  Hence,  field  implementation  of

interventions such as vaccination, screening,
treatment,  and  non-pharmaceutical  controls
(use  of  PPE,  hygiene  improvements,  and
habitat management) are not only effective in
reducing  transmission  but  can  lead  to
complete eradication of the disease if applied
consistently and at sufficient coverage levels. 

Endemic Equilibrium Point (EEP)
Global Stability of Endemic Equilibrium
Theorem  4.   The  endemic  equilibrium  point  E❑ is  globally  asymptotically  stable  if  the
effective reproduction number Re>1 and unstable otherwise.
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Proof. In this work, a logarithmic Lyapunov function was used to investigate the stability of
the endemic equilibrium. The Lyapunov function is constructed by using the general form:

F=∑
i=1

n

(x i ( t ) − x i
❑ ln xi (t )) . (29)

Now, the system can write as;
F=(Sh (t )− S❑ ln Sh (t ) )+(V h ( t )− V❑ lnV h ( t ) )+(Eh ( t )− Eh

❑ ln Eh (t ) )+( Ah ( t ) − Ah
❑ ln Ah (t ))

+ ( I h ( t )− Ih
❑ ln I h ( t ) )+(Rh (t )− Rh

❑ ln Rh (t ) )+(Sd
❑ (t )− S❑ ln Sd ( t ) )+ (V d (t )− V❑ lnV d (t ) )

+ ( I d
❑ ( t )− Id

❑ ln I d (t ) )+( Rd (t )− Rd
❑ ln Rd (t ) )+ (B ( t )− B❑ ln B (t ) ) .

The time derivative of a function of  F  gives:

d F
dt

=(1−
Sh

❑

Sh
) d Sh

dt
+(1−

V h
❑

V h
) d V h

dt
+(1−

Eh
❑

Eh
) d Eh

dt
+(1−
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❑

Ah
) d Ah

dt
+(1−

I h
❑

I h
) d I h

dt

+(1 −
Rh

❑

Rh ) d Rh

dt
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Sd ) d Sd

dt
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V d
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V d ) d V d

dt
+(1 −
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❑

I d ) d I d

dt
+(1−
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dt

+(1 − B❑
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(30)
Upon substitution and simplification, gives:

d F
dt

≤−(1 −
Sh

❑

Sh
)

2

( μh+θh ) Sh −(1−
V h

❑

V h
)

2

( μh+τ h )V h −(1−
Sd

❑

Sd
)

2

( μd+θd ) Sd

¿ ¿
 (31) 

where,  F={( Sh,V h , Eh , Ah , I h , Rh , Sd , V d , I d , Rd , B ) }>0 This implies that, 
d F
dt

=0 if

Sh=Sh
❑ , V h=V h

❑ , Eh=Eh
❑ , Ah=Ah

❑ , I h=I h
❑ , Rh=Rh

❑ , Sd=Sd
❑ , V d=V d

❑ , I d=I d
❑ , Rd=Rd

❑ , B=B❑

.  It  is  clear  that  
d F
dt

≤ 0 . Then  
d F
dt

=0 for  all

Sh , V h , Eh , Ah , I h , Rh , Sd ,V d , I d , Rd , B>0. This implies that endemic equilibrium point
E❑ is  globally  asymptotically  stable  if  Re>1 and  unstable  otherwise.  From  an
epidemiological perspective, the above analysis clearly indicates that leptospirosis will persist
and spread within the population when the reproduction number ( Re ) exceeds one. In such a
scenario, the disease becomes uncontrollable, resulting in considerable mortality. Without the
implementation of effective control  measures,  eradication becomes unfeasible,  and both the
disease burden and related deaths are likely to increase in the society.
Sensitivity Analysis
In  this  section,  we  compute  the  sensitivity
indices  of  the  basic  reproduction  number
using  the  normalized  toward  sensitivity
approach  of  Chitnis  et  al.  (2008)  and
Mwasunda et al. (2021). This method defines
the sensitivity index of a variable with respect
to a parameter as the ratio of relative change
in the variable to the relative change in the
parameter.  When  the  variable  is  a

differentiable function of the parameter,  the
index  can  alternatively  be  expressed  using
partial  derivatives  (Martcheva  2015).  Our
analysis  focus  on the response  of  the basic
reproduction  number to  variations in  model
parameters,  with  the  normalized  forward
sensitivity  index  quantifying  these  changes

as:   Υ p
R0=

∂ R0

∂ p
× p

R0
 , (32)
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where p stands for any parameter in effective 
reproduction number Re .

Figure 2: Sensitivity Analysis

Parameter Index Value Parameter Index Value

β4 0.6307119 β3 0.470424

ϖ d 0.25300 b 0.261038

μd -0.25300 μh -0.470677

δ h -0.712776 μb -0.26038

ϕd 0.080164 δ d -0.26700

β2 0.747 ϖ h 0.318769

Table 2: Numerical Values of Sensitivity Indices of R0

The sensitivity  analysis  in  Figure  2 reveals
that  parameters  from Table  2  with  positive
indices  (ϖ h , β2,  β4 , ϕd ,ϖd , β1,  β3 ,b)
increase  R0 and  thus  amplify  transmission,
with environmental infection probability (β2)
being  especially  critical.  In  contrast,
parameters  with  negative  indices  (
μd , μh , μb , δd

)  from  Table  2  decrease  R0

when  increased,  reflecting  the  role  of
mortality  and  bacterial  decay  in  lowering
transmission.  Since  increasing  human
mortality  is  unrealistic,  effective
interventions should focus on environmental
sanitation  to  boost  bacterial  decay  and  on
managing domestic animal exposure. Overall,
the strong influence of contact  parameters  (

β1
, β2

 and β3
), significantly contributes to a

higher  R0,  leading  to  a  higher  induced
infection  rate  as  more  people  become
infected. Therefore, it is necessary to employ
interventions in order to curb the disease.
Numerical Simulations 
The leptospirosis transmission model system
(1),  which  captures  interactions  among
human hosts, domestic animal reservoirs, and
environmental  contamination,  is  simulated
using  epidemiological  parameter  values
provided in Table 1.  Numerical  simulations
and graphical  analyses  are  performed  using
MATLAB  to  investigate  the  dynamic
behavior  of  the  model.  Parameter  values,
including  the  initial  conditions  of  the  state
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variables,  were  obtained  from  the  existing
literature,  while  others  were  estimated.  The
initial  population  sizes  for  the  respective
compartments  are  set  as  follows:
Sh=1000, V d=100 , Eh=600 , Ah=300 , I h=200 , Rh=50 , Sd=800 , V d=100 , I d=300 , Rd=50 , B=10000
.  These  values  represent  biologically  and
epidemiologically  plausible  scenarios
reflecting real-world transmission patterns of
leptospirosis  between  humans,  domestic
animals,  and  contaminated  environments.
The simulations aim to evaluate the effects of
various  demographic  and  epidemiological
parameters on disease spread and to support
the  validation  of  both  numerical  and
analytical results of the model.
Variation  of  Different  Parameters  on  the
Dynamics of the Leptospirosis Model
Figure 3(a) shows that without intervention,
susceptible steadily decline as infections rise

and  settle  at  an  endemic  level;  ongoing
shedding of  Leptospira sustains transmission
and  increases  environmental  bacterial
concentration  (Figure  5(a)).  By  contrast,
Figure  3(b)  demonstrates  that  screening,
vaccination,  treatment  and  non-
pharmaceutical controls markedly reduce the
infectious  population,  which  lowers  the
environmental  load  (Figure  5(b)).
Interventions also boost the recovered class;
however,  as  immunity  wanes,  some
individuals gradually return to susceptibility.
Overall,  these  findings  highlight  that
sustained  implementation  of  control
strategies  can  reduce  symptomatic  and
asymptomatic  cases,  lower  environmental
contamination,  and  potentially  eliminate
leptospirosis from the population. 

(a) (b)
Figure. 3: General variation of the human population (a) without interventions and (b) with

interventions in different classes

Figure 4(a) shows that without interventions,
susceptible  domestic  animals  decline  as
infections rise and settle at an endemic level,
which  elevates  environmental  Leptospira
(Figure  5(a)).  With  vaccination,  treatment,
and  non-pharmaceutical  controls  (Figure  4
(b))  infections  drops  sharply,  lowering
environmental  bacterial  load  (Figure  5(b)).

Vaccination is especially impactful,  pushing
animal  prevalence  toward  zero;  recoveries
rise initially but later fall as immunity wanes.
Overall,  combined  measures  yield   R0=
0.037837,  Indicating  markedly  suppressed
transmission  and  highlighting  the  value  of
sustained, integrated interventions. 
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(b) (a)

Figure 4: General variation of the animal population (a) without interventions and (b) with 
interventions in different classes

(a) (b)
Figure 5: General  variation  of  the bacteria  population (a)  without  interventions,  (b)  with

interventions
Effects of Multi- Interventions on Human and Domestic Animal Populations 
In this subsection, simulations were performed to assess the impact of a single intervention and
then  the  integrated  interventions  on  the  infected  classes,  on  the  dynamics  of  leptospirosis
disease.
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Figure 6: Effects of interventions on infected humans and domestic animals

Across  both  populations,  integrated
interventions;  vaccination,  screening
(humans), treatment, and non-pharmaceutical
controls  substantially  curb  leptospirosis  in
Figures  6,  combining measures  outperforms
any  single  strategy,  rapidly  suppressing
transmission  and  prevalence.  Treatment
emerges as the strongest ever in both human
and  domestic  animals,  while  vaccination,
screening,  and  community  level  non
pharmaceutical  actions  (Hygiene  education,
proper  PPE,  habitat  modifications)  provide
vital  complementary  reductions.  Together
timely  therapy  plus  sustained  preventive
measures offer the most reliable path toward

control  and  potential  elimination  of
leptospirosis of leptospirosis.
 Effects  of  Varying  Parameter  Values  of
Interventions  on  Human  and  Domestic
Animal Populations 
This  section  presents  simulations  assessing
the effects of human treatment (α h), domestic
animal  treatment  (α d),  and  non-
pharmaceutical  controls  (u)  on  infection
dynamics.  With  other  parameters  held
constant, varying α h,  α d, and u showed that
increasing treatment rates reduces the number
of  infective  humans  and  animals,  thereby
lowering  leptospirosis  transmission  in  the
community (Figures 6a–b).

(a) (b)
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Figure 7: Variation of population under different  values of (a) treatment (αh) on infected
humans and (b) treatment α d on infected domestic animals

Figure 8: Variation of populations under different values of non-pharmaceutical control (u ) :
(a) Infected humans and (b) Infected domestic animals.

Figures  8(a)  and  (b)  show  that  increasing
non-pharmaceutical  control  measures  (u)
reduces infective human and domestic animal
populations.  By  varying  their  effectiveness
while holding other parameters constant, the
results  highlight  the  role  of  environmental
management,  physical  barriers,  and  public

health  education  in  limiting  exposure  to
reservoir  animals  and  contaminated
environments.  Collectively,  these
interventions  lower  both  symptomatic  and
asymptomatic  cases,  helping  to  curb
leptospirosis transmission

Figure 9: Effects of varying parameters β1 and β2 on the effective reproduction number, Re

Figure  9  shows  how  the  effective
reproduction  number  Re , depends  on
environmental infection of domestic animals
(β1) and environmental infection of humans (

β2).  The  surface  plots  indicate  a  nonlinear,
compounding  rise  in  Re , as  either  or
especially  both  rates  increase,  highlighting
their joint role in sustain transmission. This
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underscores  that  effective  control  requires
simultaneously  reducing  environmental
exposure  for  both  humans  and  domestic
animal

Discussion
Leptospirosis  is  a  global  public  health
concern, especially in developing urban areas
where  poor  hygiene  and  overcrowding
increase  transmission risk.  The disease  also
reduces  livestock  productivity  and
community economic stability. While several
models exist, comprehensive frameworks that
integrate  screening,  vaccination,  treatment,
and  non-pharmaceutical  controls  in  both
humans  and  animals  remain  limited.
Evidence  from  previous  studies  and  our
results  confirm  that  human  and  animal
treatment,  enhanced  by  vaccination  and
environmental  interventions,  effectively
reduce  transmission.  Sensitivity  analysis
highlights  the  most  positively  sensitive
parameters  which  are  transmission  of
infection  from  environment  to  domestic
animal  rate,  β1,  human  recruitment, ϖ h,
transmission  probabilities, ( β2 , β4 ) and

( β||3 ),   threshold contamination rate  b and
domestic  animals’  recruitment, ϖ d .  The
natural  mortality  rates  in  domestic  animals
and humans  )  as  well  as  the  natural  decay
rate  of  Leptospira in  the  environment  ),
remain  the  most  negatively  sensitive
parameters. These findings align with earlier
research (Guernier et al. 2018, Minter et al.
2022,  Costa  et  al.  2015)  emphasizing
environmental  and  domestic  animal
reservoirs  as  major  transmission  drivers.
Overall,  our  simulations qualitatively match
observed  patterns,  supporting  the  relevance
of  integrated  interventions  for  real-world
leptospirosis control.
Conclusion and Recommendations
This  study  developed  a  deterministic
compartmental  mode  of  leptospirosis
incorporating  screening,  vaccination,
treatment,  and  non-pharmaceutical
interventions  for  humans  and  domestic
animals. The analysis showed that the disease
dies out when  R0 < 1 and persist when  R0>

1.  Sensitivity  analysis  identified
environmental  -to-human and environmental
-to-domestic  animals  transmission
probabilities  ( β||2 , β1 ),  recruitment  rates  (
ϖ h, ϖ d) and contamination threshold (b) as a
major  driver  of  transmission,  while  human,
domestic animal and decay rates (μh , μd,  μb

 ) had a negative effect  on  R0.  Simulations
demonstrate that combined interventions are
far  more  effective  than  single  measures  in
lowering  transmission  and  prevalence.  The
study  concludes  that  integrated  strategies
treatment,  vaccination,  sanitation,  reservoir
control,  fencing,  use  of  PPE,  and  public
health education are essential for controlling
leptospirosis.  These  findings  provide
evidence base guidance for policy makers to
design  effective,  context  specific  programs
that  can  reduce  disease  burden,  protect
livestock  productivity,  and  strengthen
community  stability,  with  future  work
recommended  on  seasonal  effects,  cost-
effectiveness and empirical validation
Declaration of Competing Interests.
The authors declare that they have no 
competing interests or personal relationships 
that could have influenced the work reported 
in this paper. 
Funding
This research was financially supported by 
the National Institute of Transport. The 
authors gratefully acknowledge the 
institution’s contribution toward the 
successful completion of this work.

References
Adler  B  and  Peña  Moctezuma  A  2010

Leptospira  and  leptospirosis.  Vet.
Microbiol. 140: 287-296.

Aslan  I  2019  Leptospirosis  models:
vaccination of cattle and early detection in
humans.  PhD  thesis  University  of
Tennessee.

Baca-Carrasco  D,  Olmos  D and Barradas  I
2015 A mathematical model for human and
animal leptospirosis.  J. Biol. Syst. 23: 55–
65.

Batchelor  TW,  Stephenson  TS,  Brown PD,
Amarakoon  D  and  Taylor  MA  2012
Influence  of  climate  variability  on human

605



Michael et al. - Modeling the Effects of Screening, Vaccination, Treatment …

leptospirosis  cases  in  Jamaica.  Clim.  Res.
55: 79-90.

Bhalraj  A and  Azmi  A 2019 Mathematical
modelling  of  the  spread  of  leptospirosis.
AIP Conf. Proc. 2184: 060031.

Chavez CC, Feng Z and Huang W 2002 On
the  computation  of  R_0  and  its  role  on
global stability.  Math. Approaches Emerg.
Re-emerg. Infect. Dis.125: 31-65.

Masunga DS, Rai A, Abbass M, Uwishema
O, Wellington J, Uweis L and Onyeaka H
2022  Leptospirosis  outbreak  in  Tanzania:
an alarming situation.  Ann. Med. Surg.  80:
34–45.

Chitnis N, Hyman JM and Cushing JM 2008
Determining  important  parameters  in  the
spread  of  malaria  through  the  sensitivity
analysis  of  a  mathematical  model.  Bull.
Math. Biol. 70: 1272-1296.

Cilia  G,  Bertelloni  F  and  Fratini  F  2020
Leptospira infections in domestic and wild
animals. Pathogens.9: 573.

Costa  F,  Hagan  JE,  Calcagno  J,  Kane  M,
Torgerson P, Martinez-Silveira MS and Ko
AI 2015 Global morbidity and mortality of
leptospirosis:  a  systematic  review.  PLoS
Negl. Trop. Dis. 9: e0003898.

De  Vries  SG,  Visser  BJ,  Nagel  IM,  Goris
MG, Hartskeerl RA and Grobusch MP 2014
Leptospirosis  in  sub-Saharan  Africa:  a
systematic  review.  Int.  J.  Infect.  Dis.  28:
47–64.

Desvars  A,  Jégo  S,  Chiroleu  F,  Bourhy  P,
Cardinale  E  and  Michault  A  2011
Seasonality  of  human  leptospirosis  in
Reunion  Island  (Indian  Ocean)  and  its
association with meteorological data. PLoS
ONE 6: 20377.

Eguda  FY,  Shuaiba  AM,  Ameh  OC,  Abah
SE,  Mohammed  SM  and  Mohammed  IS
2023  Mathematical  model  for  the
transmission  dynamics  of  leptospirosis  in
human  population.  Gadau  J.  Pure  Appl.
Sci. 2: 58–75.

Engida  HA,  Theuri  DM,  Gathungu  D,
Gachohi  J  and  Alemneh  HT  2022  A
mathematical  model  analysis  for  the
transmission  dynamics  of  leptospirosis
disease  in  human  and rodent  populations.
Comput.  Math.  Methods  Med. 2022:
1806585.

Felix  SR,  Felix  ADOC,  Colonetti  K,  Neto
ACPS, Tillmann MT, Vasconcellos FA and
Silva  EF  2020  Canine  leptospirosis:  an
overview of the city of Pelotas, Brazil. Res.
Soc. Dev. 9: 5169108830.

Felix  CR,  Siedler  BS,  Barbosa  LN,  Timm
GR, McFadden J and McBride AJ 2020 An
overview  of  human  leptospirosis  vaccine
design  and  future  perspectives.   Expert
Opin. Drug Discov. 15: 179–188.

Gomes-Solecki M, Santecchia I and Werts C
2017  Animal  models  of  leptospirosis:  of
mice and hamsters. Front. Immunol. 8: 58.

Guernier V, Goarant C, Benschop J and Lau
CL 2018 A systematic review of human and
animal  leptospirosis  in  the  Pacific  Islands
reveals  pathogen  and  reservoir  diversity.
PLoS Negl. Trop. Dis. 12: e0006503.

Holt J, Davis S and Leirs H 2006 A model of
leptospirosis infection in an African rodent
to  determine  risk  to  humans:  seasonal
fluctuations  and  the  impact  of  rodent
control. Acta Trop. 99: 218-225.

Irunde  JI,  Ndendya  JZ,  Mwasunda  JA and
Robert  PK  2023  Modeling  the  impact  of
screening  and  treatment  on  typhoid  fever
dynamics  in  unprotected  population.
Results Phys. 54: 107120.

Katandukila  JV,  Sissa  AG,  Mhaphi  GG,
Chuhila  YJ  and  Chibwana  FD  2023
Leptospira  serovars  circulating  among
humans,  cattle,  and  goats  with  associated
risk factors in Ngara and Kibondo districts,
north-western  Tanzania.  Tanz.  J.  Sci.  49:
391–401.

Khan  MA,  Islam  S  and  Khan  SA  2014
Mathematical  modeling  towards  the
dynamical  interaction  of  leptospirosis.
Appl. Math. Inf. Sci. 8: 1049.

Koizumi  N  and  Watanabe  H  2005
Leptospirosis  vaccines:  past,  present,  and
future. J. Postgrad. Med. 51: 210–214.

Lau CL, Smythe LD, Craig SB and Weinstein
P  2010  Climate  change,  flooding,
urbanization  and  leptospirosis:  fueling  the
fire.  Trans. R. Soc.  Trop. Med.  Hyg. 104:
631-638.

Martcheva  M  2015  Vector-borne  diseases.
Intro. Math. Epidemiol. 1: 67-89.

Maze MJ, Cash-Goldwasser S, Rubach MP,
Biggs HM, Galloway RL, Sharples KJ and

606



Tanz. J. Sci. Vol. 51(3) 2025

Crump  JA  2018  Risk  factors  for  human
acute  leptospirosis  in  northern  Tanzania.
PLoS Negl. Trop. Dis. 12: e0006372.

Mgode GF, Mhamphi GG, Massawe AW and
Machang’u  RS  2021  Leptospira
seropositivity  in  humans,  livestock,  and
wild  animals  in  a  semi-arid  area  of
Tanzania. Pathogens 10: 696.

Minter A, Costa F, Khalil H, Childs J, Diggle
P,  Ko  AI  and  Begon  M  2019  Optimal
control  of  rat-borne  leptospirosis  in  an
urban  environment.  Front.  Ecol.  Evol. 7:
209.

Mughini-Gras  L,  Bonfanti  L,  Natale  A,
Comin  A,  Ferronato  A,  La  Greca  and
Marangon  S  2014  Application  of  an
integrated  outbreak  management  plan  for
the control  of  leptospirosis  in  dairy  cattle
herds. Epidemiol. Infect. 142: 1172-1181.

Mwasunda  JA,  Irunde  JI,  Kajunguri  D and
Kuznetsov D 2021 Modeling and analysis
of  taeniasis  and  cysticercosis  transmission
dynamics in humans, pigs, and cattle.  Adv.
Differ. Equ. 2021: 176.

Mwasunda JA, Irunde JI, Stephano MA and
Chacha  CS  2023  Fish-borne  parasitic
zoonoses  transmission  dynamics:  the  case
of anisakiasis.  Inform. Med. Unlocked 38:
101205.

Ndendya  JZ,  Leandry  L  and  Kipingu  AM
2023  A  next-generation  matrix  approach
using  Routh-Hurwitz  criterion  and
quadratic Lyapunov function for modeling
animal  rabies  with  infective  immigrants.
Healthc. Anal. 4: 100260.

Ojo MM, Gbadamosi B and Benson TO 2021
Modeling  the  dynamics  of  Lassa  fever  in
Nigeria. J. Egypt. Math. Soc. 29: 16.

Okosun KO 2016 Optimal control analysis of
malaria-schistosomiasis  co-infection
dynamics. Math. Biosci. Eng. 14: 377-405.

Paisanwarakiat  R  and  Thamchai  R  2021
Optimal control of a leptospirosis epidemic
model. Sci. Tech. Asia. 9: 9–17.

Sykes JE, Haake DA, Gamage CD, Mills WZ
and Nally JE 2022 A global one health 
perspective on leptospirosis in humans and 
animals. J. Am. Vet. Med. Assoc. 260: 1589-
1596.

Van den Driessche P and Watmough J 2002
Reproduction  numbers  and  sub-threshold
endemic  equilibria  for  compartmental
models  of  disease  transmission. Math.
Biosci. 180: 29-48.

World  Health  Organization  (WHO)  2009
Leptospirosis: fact sheet. WHO Fact Sheet.

607


	Model Formulation
	Positive Invariant Region of the System
	Invariant Region
	Disease Free Equilibrium (DFE) and the Effective Reproduction Number
	Global Stability of the Disease-Free Equilibrium Point (DFE)
	Endemic Equilibrium Point (EEP)
	Global Stability of Endemic Equilibrium

	Sensitivity Analysis

	The sensitivity analysis in Figure 2 reveals that parameters from Table 2 with positive indices (, , ) increase and thus amplify transmission, with environmental infection probability () being especially critical. In contrast, parameters with negative indices () from Table 2 decrease when increased, reflecting the role of mortality and bacterial decay in lowering transmission. Since increasing human mortality is unrealistic, effective interventions should focus on environmental sanitation to boost bacterial decay and on managing domestic animal exposure. Overall, the strong influence of contact parameters (, and ), significantly contributes to a higher , leading to a higher induced infection rate as more people become infected. Therefore, it is necessary to employ interventions in order to curb the disease.
	Numerical Simulations
	Variation of Different Parameters on the Dynamics of the Leptospirosis Model
	Effects of Multi- Interventions on Human and Domestic Animal Populations
	Effects of Varying Parameter Values of Interventions on Human and Domestic Animal Populations


	Funding

