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Abstract

This study developed a generic prey-predator mathematical model
incorporating logistic growth for prey and a Holling Type I functional response
for predator consumption. Prey-predator interactions form the foundation of
ecological balance, but in recent decades these systems have been increasingly
threatened by toxicants and infectious diseases. The combined effect of these
challenges can lead to severe population declines, biodiversity loss, and
ecosystem instability, making their study important for conservation and
environmental management. The model includes the effects of diseases and
toxicants on prey and toxicants only on predators, and explores optimal control
strategies to mitigate these threats. Without considering time delays, the
model’s stability was examined using differential equation theory. Local
stability of equilibrium points was analyzed through Jacobian matrix and
eigenvalue methods, while Lyapunov functions were used for analysing global
stability. The model was confirmed to be well-posed, meaning its solutions are
biologically feasible. Initial simulations without control measures revealed that
both diseases and toxicants significantly reduce prey and predator populations.
When time-dependent controls were introduced, two strategies were tested:
spatial isolation for disease control and bioremedial-antitoxic measures for
toxicant control. Results showed that each control strategy independently
improved population sizes. However, the best outcomes occurred when both
strategies were applied together, leading to the greatest increase in prey and
predator populations. The findings highlight that integrated control measures
are essential to sustain threatened ecological systems. These awaraness provide
a quantitative framework for policymakers and conservation biologists to
design effective intervations for wildlife protection and habitat restoration.
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Introduction
In ecological systems, different species

ecosystem can occur through various
mechanisms such as predation,

coexist and interact through relationships
such as competition, cooperation, and
predation, with prey-predator dynamics being
a central theme (Sagamiko et al. 2021). The
interactions between different species in an
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commensalism, competition, parasitism, and
mutualism (Mapunda et al. 2018). However,
many species face extinction threats due to
different factors like over predation,
toxicants, disease and environmental hazards
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(Sagamiko et al. 2015 ). Toxicants in
different ecosystems can emerge naturally or
result from human activities, such as
pesticide usage and industrialization, it has an
impact on the long-term survival of prey and
predator species and the overall biodiversity
of the habitat (Lawaniya, 2018). Worldwide,
numerous national parks and wildlife reserves
have reported deaths due to toxicant
exposure, while the specific causes of death
vary by region and species, the impact of
toxicants on wildlife populations is a global
burning issue (Goswami et al. 2020).
According to Ogada et al. (2015), over 150
vultures died in Serengeti National Park in
Tanzania , significantly impacting the
population of already wvulnerable species.
However, between 2010 and 2019, in
Kaziranga National Park, India the park
reported over 50 cases of wildlife deaths
among rhinoceroses and elephants associated
with toxicant exposure (Goswami et al.
2020). In Zimbabwe’s Hwange National
Park, over 300 elephants died in a mass
poisoning event in 2013 after poachers laced
waterholes with cyanide not only affected
elephants but also indirectly killed numerous
scavengers, including hyenas and wultures,
that fed on the contaminated carcasses
(Nguema 2016). In Kenya’s Maasai Mara, a
mass poisoning event killed 76 lions over a
decade due to intentional bait poisoning by
local communities (Ogada 2014). In North
America, a rise in fox deaths has been
reported due to the widespread use of
rodenticides, which cause internal bleeding
and eventual death (Riley et al., 2017). A
study by Mateo (2009) reported over 30
deaths of bears foxes, lynxes and bears in
Spanish parks including Donana National
Park over 10-year period due to pesticide
ingestion from contaminated prey. Diseases
pose a significant threat to the ecosystem,
affecting the growth and well-being of prey
and predator species. They can be transmitted
through various means, including predation,
direct contact, and even through air in the
environment (Pada Das et al. 2009).
Numerous diseases impact the prey-predator
system, such as tuberculosis, rabies, rift
valley fever, rinderpest diseases, dengue

disease, influenza, bird flu, anthrax, and
canine distemper virus (Pada Das et al. 2009,
Sagamiko et al. 2015, Borner 1995, Sinha
2009). In 2019, India’s Kaziranga National
Park lost several young elephants to EEHV,
with over 25 cases recorded in the country
(Kumara, 2020). Furthermore, a research
conducted by the Tanzania Wildlife Research
Institute in 2013 revealed that 10 percent of
the investigated genus Connochaetes were
found to be infected with Tuberculosis
(MNRT Budget speech 2013). Additionally,
in 2018, Namibia’s Etosha National Park saw
an anthrax outbreak that killed more than 50
zebras and 200 antelopes (Turner, 2020).
Also in 2004, an anthrax outbreak in Queen
Elizabeth National Park, Uganda, killed over
300 hippopotamuses in a few months,
representing a significant loss for the
population (Wafula 2008). Also, in 2014, an
outbreak of CDV in China’s Shaanxi
province killed five pandas in the Qinling
Mountains, a significant loss for this already
endangered species (Xia 2014). Toxicants
and diseases affect the survival of prey and
predator species in an ecosystem. This
necessitates the need of taking control
measures to protect and sustain these species
from extinction. Several studies have
explored the effects of toxicants and diseases
on prey-predator system. Khan and Samanta
(2020) developed a mathematical model that
integrates the effects of both toxicants and
diseases on a Prey-predator system, focusing
on how these two factors influence
population dynamics over time. The model
introduces  Holling type-II  functional
response to depict the predator’s feeding rate
in response to prey density and examines the
effects of toxicant accumulation and disease
transmission. Additionally, Zhou et al. (2018)
extended the Prey-predator model to consider
the effects of both toxicants and diseases on
the dynamics of the prey-predator system,
incorporating a Holling type-III functional
response. Various optimal control strategies
have been widely examined to reduce the
effects of toxicants and diseases in 2 prey-
predator systems. For example, Numfor et al.
(2017) investigated the impact of culling and
biocontrol techniques on invasive predator
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populations that pose a threat to native prey
species. Their study developed an eco
epidemiological model integrating both scalar
and time-dependent  controls,  which
accounted for the initial introduction of
infected predators and continuous -culling
efforts. Similarly, Sahoo (2016) investigated
disease management within predator-prey
interactions by introducing alternative food
sources for predators. This strategy was
designed to alleviate predation on infected
prey, thereby limiting the spread of disease.
However, to the best of our knowledge, no
study has incorporated the specific optimal
control of the threats of toxicants and
diseases to the survival of prey-predator
systems in ecosystems. Therefore, this study
focuses on formulating a generic prey-
predator mathematical model considering the
effects of both toxicants and diseases on the
dynamics of the prey-predator system,
incorporating a Holling type-I functional
response. The suggested control efforts are
bioremedial-antitoxic strategy for controlling
toxicants and spatial isolation strategy for
control of disease.

Materials and Methods
This section involves the formulation of
models with threats and the one with time-
dependent controls. Theoretical analysis of
these models are also carried out.
Model development with threats

The model consists of prey population at
time (t) denoted by S(t) for susceptible prey,
I(t) for infected prey, Y(t) for predator
population, and C(t) for the toxicant
concentration in the environment. The
dynamics of the species interaction is
modelled using Holling type I functional
response as the developed model is generic
one that assumes a linear relationship
between the predator’s consumption rate and
the prey population. The model is formulated
under the following assumptions.

632

. The prey population grows logistically with

intrinsic growth rate r and environmental
carrying capacity k.

. The prey population consists of two Sub-

classes, namely, the susceptible prey S(t)
and the infected prey I(t).

. Only the susceptible prey can reproduce.

The logistic law is used to model the birth
process with the assumption that births
should always be positive

. The infected prey is removed with death

caused by disease at the rate e and by
predation. However, both susceptible and
infected prey contribute to the population
density that determines logistic crowding
toward the carrying capacity.

. The disease is spread among the prey

population only in order to avoid non-
linearity of the model, while some of the
infected prey undergo natural recovery A.
In ecological predator—prey—disease
models, the type of disease that infects
only the prey population (and not the
predator) is usually referred to as a host-
specific disease or a prey-specific
pathogen. Examples of such diseases are
Rabbit Hemorrhagic Disease Virus
(RHDV) and Myxoma virus in rabbits
(introduced in Australia).

. Susceptible prey becomes infected when

they come into contact with infected prey.

. The predator population decreases due to

natural death at the constant rate a.

. The predation functional response of the

predator towards susceptible and infected
prey is modelled using a Holling type-I
with predation rate coefficient N;, and N..
Consumed prey is converted into predator
with efficiency L;and L,.

. Toxicant affects susceptible prey, infected

prey and predator by reducing their
survival and reproduction, § represent
toxicant induced mortality rate effect on
susceptible prey, y represent toxicant
induced mortality rate effect on infected
prey and f3 represents the toxicant-induced
mortality rate in predators.
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Under the forestated assumptions, the prey-predator mathematical model takes the following form
using Holling type I functional response

C;_S:rs[y S’ki] - uSI + I - N,SY - 6CS
e |

dl
a =uSl - Al - N,IY - el - )l

ot D
o =L N,SY +L,N,IY - &Y - pCY
(ii—c =0CS +)CI + SCY

t

With the initial conditions:
S(0) =S, =0,1(0) =I, =0,Y(0) =Y, >0,C(0) =C, »0,N, »0,N, »>00<L,L, =1 and 0<0,),[7 =1

Where IV, is the predation rate to the susceptible prey, IV, is the predation rate to the

infected prey and ¢ rate of transmission from Infected prey to Susceptible prey
Model analysis

The dynamic model (1) is analyzed to understand the dynamics of the diseases in the prey
populations and toxicants in prey and predator populations.
Boundedness of the model
Theorem 1:
All solutions of the system (1) are uniformly bounded implies that the system is biologically
valid and well behaved (Mukhopadhyay et al. (2009)).
Proof:
Assume W denote the total population in the ecosystem of the model under consideration, that
is
W=S+I+Y (2)
Differentiating both sides of equation (2) with respect to time ¢ yields the following equation:
dwW dS dI dYy
— =+ —+ — 3)

dt dt dt dt
Substituting the model equations (1) into (3) and simplifying, results to :
d—W <rS-el-aY

dt

<S(r+1)-S-el-aY (4)

<S(r+1)- GW
Where G = min {1, e, o}
Then,
dw

?+GW =S(r+1) ()

Solving equation (5) and substituting the initial conditions of the model results to :

W gS(r+1) + o (G+R) ©)

As [ — 00, equation (6) reduces to :
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SM (7)
G

Which implies that the solution is bounded for

0<w <200 g

w

Therefore, solutions (S, I, Y) of the model (1) in Rf:’ are confined to the region

(7:{(5,1,Y)€Rf W SS(FG+1)+5}V5 >0ast— o (9)

Boundedness of the concentration of toxicants
Proof:
dC

Since S, I, Y are assumed to be bounded, there exist a positive constant M such that:
S+I+Y <M .Let: K =Max (6, Y, /?), so that

S +Hy+pY <K(S+I1+Y) <KM

From the limit 0 <9, ), f# <1, we assume that 0 =)' =/ =1.Thus, the equation satisfies:

d—C <KMC
dt
By solving differential inequality, the solution will be C(t) <C(0)e” Mt Since

exponential growth is bounded for finite ¢, this confirms that C (t) remains finite for all t <0
then the Toxicant concentration C is bounded (Sinha et al. 2009).

Positivity of solutions
Theorem 2:

Let S(0)>0,1(0)>0,Y(0)>0,C(0)>0. This implies that the solutions for
S(t),I1(t),Y (t)and C(t) of the model (3.1) are positive ¥t > O (Hugo et al, 2012).
Proof:

Let S(t),1(t),Y(t) and C(t)be any solution of system (1). Assuming that one solution

of the system (1) is at least not positive, then the following cases occur: (Brauer and Castillo-
Chavez 2001, Brauer and Castillo-Chavez 2012)

1. There exists £, , such that

S(0) >0,5(t,) =0,S (t,) <0,1(t) >0,Y(t) >0,C(t) > 0,0 <t < t,.
2. There exists t, , such that

1(0)>0,1(t,) =0,1 (t,)<0,S(t) >0,Y(t) >0,C(t) > 0,0 <t <t, .
3.  There exists £, such that

Y(0)>0,Y(t,) =0,Y (t;) <0,I(t) >0,S(t) >0,C(t) >0,0 <t <t,.
4.  There exists t,, such that

C(0)>0,C(t,) =0,C (t,) <0,I(t) >0,5(t) >0,Y(t) > 0,0 <t <t,.
If case (1) holds, then we obtain; S (t,) =AI >0 This contradicts S (t,) < 0.
If case (2) holds, then we obtain; I (t,) =0 . This contradicts I (t,) <0.
If case (3) holds, then we obtain; Y (t,) =0. This contradicts Y (t,) <O0.
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If case (4) holds, then we obtain; C (t,) =0 . This contradicts C (t,) <0.

From the arbitrariness of S(t), I(t), Y(t) and C(t) all solutions of the system (1) remain positive
Vvt > 0.

Equilibrium points

The equilibrium points of model equation (1) are obtained by setting:
dS dI _dy dC

- = = =—— =0 (11)

dt dt dt dt

Therefore, the model equations (1) has the following equilibrium points:
1. The axial equilibrium E,(S”,I"Y C") =(k,0,0,0), where the predator and infected

prey population die out while leaving susceptible prey to growth to its carrying capacity with
no toxicants.
2. The equilibrium point where the disease eventually disappears from the prey population

with absence of predator is denoted by E, as: (S*,1'Y C ) =E,(0,0,0,C)
3. The equilibrium points where both toxicants and diseases eventually disappear from the
prey-predator population is denoted by E as:

(s 1vy'cHy=£g,|-2%—0,rN, - 2% 0
LN Lk

1 1 1

4.  The equilibrium points where the predator population dies out and toxicants eliminated
from the prey predator system is denoted by E , as:
e+A rkS-rs’

S, I'Yy’'c’) =E ,
( ) ¢ u ke+rS

,0,0

Local stability analysis: Using the system of equations of model (1) the general Jacobian
matrix of the equations is given by:

09, 09, 0g, 09,
oS o oY oC
a9, 09, 09, 09,
j =|0s a oy o
dg, 09, 09, 09,
oS o oY oC
a9, 09, 09, 049,
oS o oY oC )

where

ds dI dy dcC
S,1,Y,C) =—,9,(5,1,Y,C) =—,9,(S,1,Y,C) =——andg,(S,1,Y,C) =—
g.( ) =290 ) = 9a( ) = andg.( ) =,

This gives
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A %- uS+A -NS -0S
J, = ul B - N, I -)f
LNY  L,N,Y R -pY
o5C € BC D
where, ‘
Azr-%-i- I - N\Y - oC,

B=uS-A- N,Y-e-)C,

R=LNS+L,N,I- a- C
and

D =6S + ) + Y

Theorem 3:

The axial equilibrium E (S™,1'Y C") =(k,0,0,0) is locally asymptotically stable if
tk <e+A,KL,N, <ay, and ok <0.

Proof:

The Jacobian matrix evaluated at the axial equilibrium point E, is given by:

-r r-uk+A4 - Nk - &k

JE) - 0 wk-e- 2 0 0
Yo 0 KLN, -« 0
0 0 0 K

The eigenvalues for the Jacobian matrix J (E,) are
Y, =-ry, =ku-e- Ay, =kL N, - o and y, =
Then, for stability, we need to have:

Y, <0,if ku- e- A <0,by rearranging result to ket <e+ 4
w, <0, if KL,N,- a <0, by rearranging result to kL, N, < &
y,<0, if ko<0

This means that if feeding efficiency of predator is low such that kKL,N, <& and

interaction of infected prey population and susceptible prey population is less than the total
number of recovery (A) and death of prey due to diseases (e) then the predator species will
extinct and prey population will reach its carrying capacity k (Hugo and Simanjilo 2019).
Theorem 4:

The equilibrium point; E,(0,0,0,C) where the disease eventually disappears from the prey

population with absence of predator, is locally asymptotically stable if CO > r.

Proof:
The Jacobian matrix of system (1) at the equilibrium point E, is given by:
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r- oC A 0 0

B, = 0 =-/J-e-)C 0 0
0 0 -a- BC 0

5C e pC 0

The eigenvalues for the Jacobian matrix J (E,) are
y, =0y, =-a- pC,y, =r- o6C and p, =-A-e- )C

Then, for stability, we need to have:
r - oC < 0, requires while zero eigenvalue means the system is at least marginally stable or
Lyapunov stable.

Theorem 5:
o

The equilibrium point; E,| ————,0,rN, - ——,0| where both toxicants and diseases
1 1 1

eventually disappear from the prey-predator population is locally asymptotically stable when

N,apr
ad+L N} fpr
Proof:

The Jacobian matrix of system (1) at the equilibrium point £ 5 is given by:

2ra , raN kAL N, - kua +ra -a - da
r- - Nr+ - —
KLN, KL, kLN, L LN,
N N ar+kuc .
0 —— - /-IN\N,-e 0 0
— kLN o
| KLNr- arL,N, L,N,KL N r- arL,N, o LN, +fra
kL, kL, KL,N,
0 0 0 Ly

The eigenvalues for the Jacobian matrix J (E;) are:

_ - L,N’N,kr- L,N,ek- L N Ak - N,N,cr - cku

" LN,k ’
= LiN'kr- LN kr- Nior- 2ar - JA

Ve = 2L, N k ’

o _~ LiN{kr- LNkr - Nfor - 2ar - JA

Vi T 2L, Nk ’

o _ LN} pkr- N,cfor + adk

Va = LNk

where
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A=L/N’k’r®- 4L/Nek"r- 2L N'k*r* + LN k"r* - 2L N ckr® + 4L N c*kr + 6L, N, ckr® -
AL N ckr’ + N'a'r* - 4N]a’r’ +4a’r’
and
w :/J’rkLlNl - por
KL,

Then, for stability, we need to have;

N,afpr

L N> fkr - N,afir + azdk <0, upon re-arrangement results to K < ————————
Ny p Ne7e p g 0{5+L1N12/3’r

Theorem 6:

e+ rkS- rS?

The bound ilibri int; £, = >
e boundary equilibrium point; E, » e+ 7S

toxicants eventually disappears from the prey-predator population is locally asymptotically
stable ifk < Sande < - A

,0,0 | where predator dies out and

Proof:
The Jacobian matrix of system (1) at the equilibrium point E, is given by:
2D rA rD !
r- —m —- A —-e¢ - ND - oD
k k k
J(E,) = UA - N A -HA
0 0 L,N,A+LND-a 0
0 0 JA+ 0D |
- rS?2 + A
where by A :rs—-l-rks and D :e
ke +rS “

The eigenvalues for the Jacobian matrix J (E,) are;

- (tAk+2rD -1k - F) _ tAK+2rD-rk- F

Y, =LLN,A+LND-«a, y, = 5
2k 2k
and Y, =)A+0D
where,
o { A K e® + 2AKkear +8ADKre - 4AAek” e - 2AK  tar + (12)
A’r? + 4ADr° - 2Akr> +4D°r” - ADkr> + k°r”

Then, for stability we need to have:

- 2 + e+ A
JA+ D <0, since A :rS—rkS and D = . Hence; k < S and e < - A satisfy
ke +r1S u
2
- +
the stability condition. From L,N,A+L N D- <0, A ::;S'—;kS and
e+r

e+

A
D = then k < S and e < - A satisfy the stability condition.

174

h

Global stability analysis

638



Juma et al. - Mathematical Analysis of Toxicants and Diseases Impact on a Prey-Predator ...

The global stability analysis of the system (1) is performed around positive equilibrium point
E(S",I'Y C") of coexistence by using the theorem of Lyapunov function U(Hugo and
Simanjilo 2019 ).

Theorem 7 :

If; U :%(S - Sky +%‘1{1(I— I*Y +%{(2(Y— Y*)Z +%,u3(C— C”')Z (13)

Where (4, tt,,tt5 >0 are to be carefully chosen such that U (E) =0 then
E(S",I1'Y"'C") and U =(S,1,Y,C)> 0 VS,1,Y,C/{E}. If the time derivatives of

o du
Uis

] au
<0, VS,1,Y,C € &. Then it follows that g =0, VS,I,Y,Ce &

dU i
implies that ™ of the system is Lyapunov stable and a9 =0, VS5,1,Y,C € & near

E " is globally stable.
Proof:

W55 G- G- v)Y (- c)E (14)
dt dt dt : dt dt
Substituting the model equations (1) to (14) results to:

d_U:(s- S*{rs[l- Ski

dt

- uSI+ /I - N,SY - a‘cs]

v 0, 1 XuST- 21- NIV - eI - 5e1) (15)
+ 1,6 - Y XO,N,SY +L,N,IY - a¥ - ACY)
+u,(c- ¢ Xocs + yc1 + pcy)

Then, equation (15) becomes:
dU . S+1
— =-S5 {r[l- .

G- 1 Xus-2-NY-e-eXi-17) (16)
v+, 0- Y XL NS+L,NI-a- pcky-v")
rulc-cXss+y+prXc-c’)

Rearranging equation (16) leads to :
C;—[Z:-(S-S*)Z[r S+l

-,ul(l-l*)Z(- US+A+N,Y +e+)C) (17)
-, - Y YC LNS- LN, +a+pC)
- ,u3(C- C )G o5- M- py)

Assuming all parameter with negative sign belong to a certain constant.

Thus, it is possible to set £¢ ¢, >0 such that U (E) <0 an endemic positive
equilibrium point is globally stable.

’;I - NY- (sc](s- s°)

- ul +

-1+

+ul - %+N1Y+§C

639



Tanz. J. Sci. Vol. 51(3) 2025

The Model with Time Dependent Control
Effort

Time dependent control efforts on

bioremedial-antitoxic ~strategy U, (t) and

spatial isolation strategy U, (t) as controls

to curtail the threats to the prey-predator
system are introduced into model (1). The
dynamics are formulated as an optimal
control with the following assumptions. The
control rate of diseases through spatial

isolation strategy u, lies in the range

0 <u, =<1, the control rate of toxicants
through a Bioremedial-Antitoxic strategy
u, lies in the range0 <u, <1. It is
assumed that susceptible prey populations
have been infected at the rate (1 - u, )L[SI

while others remain in the susceptible class.
Then, the control rate through spatial
isolation strategy of infected and susceptible

prey U, (t) varies with time and it will be at
the optimal level whenever u, () =1 and

less effective when ul(t)IO. Also it is

assumed that the infected prey, susceptible
prey and predator population will be
controlled from toxicants through the

Bioremedial-Antitoxic strategy U, @) ata
rate of (1 -u 2) and it will be at the optimal
level whenever U, (t) =1 and less effective

when uz(t) =0.

The modified model (1) by incorporating
time-dependent control is given by:

% :rS[l- S G- u, JuSI + AI - N,SY - (L- u,)5CS

I _q. u JuSI - AL - N,IY - el - - u, herl

g; (18)
—o SLNSY + LN IV - Y - G- u,)pCcy

4 _q. u, X5CS + )CI + SCY)

dt
The control boundedness must satisfy the Lebesgue measurable control as:
N - |
U=u —(ul,uz), 0 <u; <u;max,i =12 .
The intention is to minimize the spread of diseases through interaction among prey

populations, and also to minimize number of prey-predator populations affected by toxicants
through the following objective function J .

Min of (”1”12) such that, J :_f

1 1
BI+D(S +1 +Y+C)+§Alul2 +§A2u22 de,

where T is the final time of control, BI is the cost associated with the spatial isolation strategy
of preys and D(S +1+Y +C) is the cost associated with the controlling toxicants to both
populations, while A, and A, are relative cost weight for each individual control measure.

The objective function involved in minimizing the number of population affected by toxicants
and infected prey. We apply quadratic function in the objective function as it satisfies the
optimality conditions (Massawe et al. 2015, Okosun et al. 2013). Then the optimal controls

u, (¢) and u, (¢) exist such that:

Ju O u, ©)=min[ 16, O u, O, Ou, Oev]
Where
U :[ul(t),uz(tl are measurable, 0 S(ul(t),uz(t))ﬁlfor te [O,TJ
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The necessary conditions for Pontryagin's Maximum principle (Lenhart et al., 2007)) need to
be satisfied with the formulated model, usually converts the system of equation (18) and
objective functional J into a problem of minimizing point-wise a Hamiltonian (H), with respect

to ul(t), uz(t) as:
1 1 5
H =BI +D(S +I+Y+C)+EAlulZ +EA2u5 +

S+1

+7, - (- udusI + 21 - N,SY - Q- u,docs

rS[l—

(19)
+7,@- uuSI - AT- NIV - el - Q- u, he1)
+7,(LN,SY + L,N,IY - a¥ - (- u,)pCy)
+7,(Q- u, Xocs + )€1 + pcy))
where 7;, [ =L12,3,4 are the co-state variables associated by S, I, ¥, C. The adjoint
equations are obtained by:

dr; ocH
=-— (0
dt Ol
with transversality condition:
7,r)=0 (1
From (19) we obtain the following adjoint equations.
0 ' | S )
(AI; =-D-1r|l- S+! ]+%+r](l- u])luf+r]N]Y+ r](l- uz)a’j
C _ )
-7,Q-u)dul - ,L,NY - 7,G- u,)C
cH r,rsS , .
T =-B-D +T+ r](l— u])IUS - T A- rz(l— u])luS +7,A+7,N,Y
P
+7,e+ rz(l— uz)gC— ,L,N.Y - Q(l— uz)JC
(;I; =-D+7,N,S+7,N,I- 7,L,N,S - 7,L,N,I +ry +7,(- u,)pC - 7,0~ u, )
C
ifé =-D+7,0-u,)S +7,0- u, Wy +7,@- w, )5y - 7,@- u, 8- 7,@- w, )E - 7, w )y
P

(22)
The optimality of the control problem is obtained by:

() =H
i ou (23)

i

Thus,

OH

G—U, =0 Then,

u, (1) and u,(t) are solved at u; (t) e [O, l}.

where i = 1,2. The solution of ul* () and u; (@) are presented in a compact form as:

ul*(t)zmax [O, min(, ut,SI - ut,SI - u A )]

and
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u," ) =max|0, minQ, 7, ACY +7,)€1 +7,0CS - 7,5CY - 7,)€1 - 7,6CS - u,A, )

Numerical Results

These results are based on simulations of classical model and the model with controls

Simulation of the classical model (Results).

The numerical solution of the optimal
control model have been determined using
the Forward-Backward sweep method as the
dynamics of the model based on continuous

method have been involved(Hugo and
Simanjilo, 2019) Fourth order Runge Kutta
method is chosen because the convergence
under this method is higher due to higher
degree of accuracy and widely used in studies
that involve optimal control problems

time. Also the fourth order Runge Kutta

Table 1 : Parameter value used in numerical simulation.
Parameter Value (Number) Source

r 11.2 Mukhopadhyay and Bhattacharyya 2009
k 200 Assumed

u 1.2 Mukhopadhyay and Bhattacharyya 2009
1) 0.1 Assumed

A 0.1 Sinha et al 2009
N, 0.4 Hugo et al 2012

1% 0.5 Assumed
N, 0.8 Hugo and Simanjilo 2019

B 0.4 Assumed

e 0.01 Hugo and Simanjilo 2019

L, 0.025 Assumed

L, 0.05 Assumed

a 0.6 Hugo and Simanjilo 2019

The numerical simulations resulted into the following Figures:
i.  Dynamics of the susceptible prey and infected prey populations when they interact in
the system.

14

Susceptible Prey (S)
....... Infected Prey ()

Population

Time (years)

Figure 1: Effects of Prey species interactions as a result of disease transmission.

Figure 1 shows how susceptible prey
population interact with infected prey
population in the presence of diseases, the
changes in population sizes of both

susceptible and infected prey population
occur, as the disease transmission rate
increases the susceptible prey population
decreases, also as the mortality rate (e) of
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infected prey population increases the
population of infected prey decreases,
furthermore the increase of recovery rate of
infected prey population tend to reduce
infected prey population and increases the
susceptible prey population. The population
of infected prey and susceptible prey

decreased toward extinction if diseases are
not controlled.

ii. The interaction between susceptible
prey  population, infected prey
population and predator population.

12 T T T
Susceptible Prey (S)
a8 e Infected Prey ()
10l .1‘ -~ Predator (P) H
. .- 1% 5 ~
E . ; Py o0t Fl "‘.1 ;ht ™, S Sy
. - r & r N Y 3 hd h
I YRURVEVAYAVAVAVEA A d
¥ ® .
® .

Population

Time (years)

Figure 2: Effects of interaction between predator and prey populations

Figure 2 shows that in the prey—predator
system, disease causes susceptible prey to
become infected over time, leading to a
decline in the susceptible class and an
increase in the infected class. However, as the
recovery rate (A) rises, more infected prey
return to the susceptible group, boosting its

population. If the disease remains
uncontrolled, both susceptible and infected
prey eventually go extinct, which in turn

drives the predator population to collapse due
to food scarcity.

iii.  The effects of toxicants to the prey-predator populations system.

1 4 T T T T T T T T T
Susceptible Prey (S)

s e Infected Prey (l)
-;—; 12| Predator (P) -
= A ===w=== TOxicants (C)
= -
3] n
o A

10 oy 7
= recs 1
S 3
— H
S 8k | E a
= H H t
= [ HG
s St H
o THWE

AIEERE R

{ W
W
2 L L L L L L L L
(o] 1 2 3 4 5 6 7 8 9 10
Time
Figure 3: Effects of toxicants on the prey-predator populations
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Toxicants affects the health of infected prey
population, susceptible prey population and
predator population leading to higher
mortality rates. It is evident from Figure 3
that as the rate of toxicants increases the level
of population of prey and predator species
decreases.

Numerical Simulation for Optimal Control
Analysis

Three types of strategies are to be considered,
these include the control rate by applying
only spatial isolation strategy, through
bioremedial-antitoxic  strategy and the
combination of the two strategies.

200 T T T T

Control by applying isolation

strategy

i. Application of spatial isolation control
strategy to the susceptible prey

population.

spatial

The application of spatial isolation uI; is
used to optimize the objective function J
while bioremedial-antitoxic strategy U,
equal to zero.

180

160

140

120

100

80

60

Susceptible Prey Population

40

20

© G G e = @ E G e n = O PO e e = ® o= © =

L L L
0.1 0.2 0.3 0.4

0.5

0.6 0.7 0.8 0.9 1

Time (year)

Figure 4: Effects of spatial isolation strategy on the susceptible prey population.

Figure 4, demonstrated that applying spatial
isolation strategy to susceptible prey
population reduces the disease transmission
rate, before introducing control of spatial
isolation strategy, the results show that
susceptible  prey  population  undergo
extinction as portrayed by red dotted curve.
After introducing the control of spatial
isolation strategy to susceptible prey
population  increased toward carrying

capacity at final time of control as portrayed
by blue curve.

Application of spatial isolation control
strategy to the infected prey populations.
The application of spatial isolation strategy

t, is used to optimize the objective
J
strategy U, equal to zero.

1

function while bioremedial-antitoxic
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Infected prey population

0 L L L

L L
0.4 0.5
Time (years)

(0] 0.1 0.2 0.3

n
0.6

0.7 0.8 0.9 1

Figure 5: Effects of spatial isolation strategy on infected prey population.

In Figure 5, before introducing spatial
isolation control strategy the number of
infected prey population increased, later on
infected prey population began to decrease
until reaching zero due to the mortality rate
(e), recovery rate (A), predation rate (N,) and
toxicants mortality rate (y). When spatial
isolation strategy was introduced, infected
prey population decreased directly to zero,

Control

strategy

i.  Application of bioremedial-antitoxic
control strategy to the predator
populations.

The application of bioremedial-antitoxic

strategy U, is used to optimize the objective

through bioremedial-antitoxic

function J while spatial isolation strategy 1,

indicating that the disease has been
eliminated from the system. equal to zero.
10 . T T T T T T
s
olL% 4
“
- sl “‘ u; 0, u, 0 a
-(% 7 ‘.‘ sEmesss u1= u2=
= N
o 6} 0y -
2 s
= -
o 51 ‘e .
© ‘0,
g 4L ’s,‘ ]
a See
3+ ‘e, -
.h
-
2L Se -
.1 T i
(0] 1 1 1 1 1 1 1 ...-.T-.----T--'.-_"
(o] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (years)
Figure 6: Effects of bioremedial-antitoxic strategy on the dynamics of predator population.

From Figure 6, before introducing
bioremedial-antitoxic control strategy, the

predator population decreased drastically due
to effect of toxicants and natural death.
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Introduction of bioremedial-antitoxic control
strategy maintained the level of predator
population while the slight decrease as
portrayed by the blue curve is due to natural
death (a).

ii.  Application of bioremedial-antitoxic

control strategy on the throwing
toxicant packets into the environment.

The application of bioremedial-antitoxic
strategy U, a is used to optimize the
objective function J while spatial isolation

strategy U, equal to zero.

£ 2500 T T T T T T T T T
_: u =0,u, * 0
S cmmemms Uy =U,=0
— 2000} 4
= .
2 s
= 4
@ 1s00f s
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S 1000} . 4
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> -0
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o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (years)
Figure 7: Effects of bioremedial-antitoxic strategy on the concentration of toxicants

Figure 7, illustrates a significant variation
in toxicant concentration before and after
control  measures.  This  phenomena
demonstrates that effective bioremedial-
antitoxic strategy reduces the concentration
of toxicants in the ecosystem. Before
implementing control measures to prevent
toxicants in the environment, the toxicant
levels increased rapidly over time as shown
by the red dotted curve. However, after
implementing control measures, the toxicant

levels were fully regulated and gradually
disappeared from the environment, reaching
to concentration of zero as the control period
progressed, as indicated by the blue curve.

iii. Application of bioremedial-antitoxic
control strategy to the susceptible prey
populations.

The application of bioremedial-antitoxic

strategy U, is used to optimize the objective
function J while spatial isolation 1, equal to
zero.
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Susceptible prey population
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Figure 8:

Figure 8 provides clear evidence on how
susceptible prey populations change before
and after bioremedial-antitoxic control
strategy. Before control the number of
susceptible prey population decline towards
extinction over time, as indicated by the red
dotted curve. However, after implementing
the control measures, the population initially
decreased after sometimes susceptible prey
population increased rapidly as indicated by

12

Effects of bioremedial-antitoxic strategy on the susceptible prey population.

the blue curve.

iv. Application of bioremedial-antitoxic
control strategy to the infected prey
populations.

The application of bioremedial-antitoxic

strategy U, is used to optimize the objective

function J while spatial isolation 4, equal to
zero.

10

Infected prey population

O,u2¢0

..
-
---._._-
- e g

el Tk LT T T AT G

(0] 1 1 1 1
0 0.1 0.2 0.3

Figure 9:

Figure 9 illustrates the dynamics of infected
prey population before and after the

0.4

1 1
0.5 0.6

Time (years)

0.7 0.8 0.9 1

Effects of bioremedial-antitoxic strategy on infected prey population.

of bioremedial-antitoxic

measures. Prior to

implementation
strategy  control
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bioremedial-antitoxic strategy control
measure as indicated by the red dotted curve,
the population declines towards extinction
over time. However, after the implementation
of control measures, the population gradually
increases, as shown by the blue curve.
Control rate by applying both spatial
isolation and bioremedial-antitoxic
strategies

2500 . . . .

i.  Control rate by applying both spatial
isolation and bioremedial-antitoxic
strategies on the concentration of
toxicant in the prey-predator system.

Both application of spatial isolation &£, and
bioremedial-antitoxic strategy @I, are used
to optimize the objective function J.

2000 |

1500 |

1000 |

Toxicant concetration (packets)

500 |-

Pl
P
-

o P
.2

(0] 0.1 0.3 0.4

0.5 0.6 0.7

Time (years)

Figure 10: Effect of application of spatial isolation and bioremedial-antitoxic strategies on the

concentration of toxicants.

The results of FigurelO, after applying
control strategies spatial isolation and
bioremedial-antitoxic on the accumulation of
toxicants in the environment, the results are
the same as the ones portrayed by Figure 7,
which were obtained by applying only
bioremedial-antitoxic control strategy to
control toxicants. This means that spatial
isolation has no significant impact on

preventing toxicants in the environment.
ii. Control rate by applying both spatial
isolation and bioremedial-antitoxic
strategies to the predator population.

Both application of spatial isolation 14, and

bioremedial-antitoxic u/, are wused to

optimize the objective function J.
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Figure 11:
population.

In Figure 11, results show effects of
application of both control strategies spatial
isolation and bioremedial-antitoxic to the
predator population. After applying spatial
isolation and bioremedial-antitoxic strategies
as the control measures on the predator
population(Refer Figure 11), the obtained
results do not differ with the results of Figure
6, which were obtained by applying only
bioremedial-antitoxic control measure to
control toxin accumulation in predators. This

200

Effect of spatial isolation and bioremedial-antitoxic strategies on the predator

indicates that spatial isolation has no
significant impact on the predator population
since predators are not affected by diseases.
iii. Control rate by applying both spatial
isolation and bioremedial-antitoxic
strategies to the susceptible prey
population
Both application of spatial isolation 24, and

bioremedial-antitoxic u/, are used to

optimize the objective function J.
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Figure 12: Effect of spatial isolation and bioremedial-antitoxic strategies on susceptible prey.

Figure 12 shows the difference before and

after the implementation of two control
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strategies spatial isolation and bioremedial-
antitoxic on susceptible prey. Before the
application of control strategies, the
susceptible  prey  population  reached
extinction, as indicated by the red dotted
curve. When the control strategies were
simultaneously implemented, the susceptible
prey population increased toward the carrying
capacity by the end of the control period as
shown by the blue curve. Nevertheless,
Figures 4 and 8, where only one control
strategy ~ was  implemented, = showed
differences compared to Figure 12. This

indicate that both spatial isolation and
bioremedial-antitoxic  strategies play a
significant role in controlling toxicants and
diseases in susceptible prey population.

iv. Control rate by applying both spatial

isolation and bioremedial-antitoxic
strategies to the infected prey
population.

Both application of spatial isolation 14, and
bioremedial-antitoxic u/, are wused to

optimize the objective function J.

Infected prey population

Time (years)

s s n
(0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.8 0.9

Figure 13: Effect of spatial isolation and bioremedial-antitoxic strategies on the infected prey.

Prior to control measures were applied, the
infected prey population initially increased
rapidly and later began to decline due to
recovery (A ) deaths rate due to diseases (e)

predation ( IV, ) and toxicants mortality rate
(g/) as shown by red dotted curve. When

both spatial isolation and bioremedial-
antitoxic control strategies were
simultaneously applied, the population

directly decreased to zero as the time of
control period progressed to optimal as
shown by blue curve. However, Figures 5 and
Figure 9 are the results when one control was
applied, that differ from Figure 13 , this
means that both spatial isolation and
bioremedial-antitoxic  strategies have a
significant impact on controlling toxicants
and diseases in infected prey population.

Discussion

The findings of this study reveal significant
awareness into the interplay between
diseases, toxicants, and population stability
within  prey—predator ecosystems. The
proposed  deterministic  model, which
incorporates both disease transmission among
prey and toxicant accumulation in the
environment, demonstrates how these
challenges  jointly  influence  species
persistence. The simulations show that, in the
absence of intervention, both susceptible and
infected prey populations decline drastically
over time, eventually leading to predator
extinction due to food scarcity. This aligns
with previous eco-epidemiological studies
(e.g., Sinha et al., 2009; Khan and Samanta,

2020), which found that the dual threats of
pollution and disease can destabilize
ecosystems and accelerate species collapse.

650



Juma et al. - Mathematical Analysis of Toxicants and Diseases Impact on a Prey-Predator ...

The discussion section was based on;
Disease-Prey-Predator Interactions, Influence
of Toxicants, Effectiveness of individual
control strategies, Collaborative effects of
combined control measures, Ecological and
Theoretical Implications, Comparison with
previous studies, and Practical Significance
subsetions.

Disease-Prey-Predator Interactions

The simulation of disease transmission
among prey (Figure 1) indicates that
increased infection rates result in a marked
decline of the susceptible prey class, while
infected prey initially rise before gradually
diminishing due to mortality and recovery.
This dynamic reflects a self-limiting
epidemic pattern in a closed prey population.
When predators are included (Figure 2), the
indirect effect of disease transmission
becomes evident: a reduction in susceptible
prey leads to food shortage, reducing predator
growth and potentially leading to extinction.
These findings are consistent with
Mukhopadhyay and Bhattacharyya (2009),
who emphasized that host-specific diseases
can critically reduce prey biomass and
undermine predator survival.

Influence of Toxicants

The introduction of toxicants (Figure 3)
significantly alters the system’s equilibrium.
Toxicants negatively affect all trophic levels,
increasing mortality and reducing
reproduction in both prey and predators. The
model confirms that higher toxicant
concentrations correspond to decreased
population  densities,  supporting the
observations of Lawaniya (2018) and
Goswami et al. (2020) on the ecological
consequences of pesticide contamination.
This finding underscores that environmental
pollution acts jointly with disease to amplify
extinction risks.

Effectiveness of Individual Control Strategies

When the spatial isolation control strategy
was applied alone (Figures 4 and 5), the
disease transmission among prey declined
substantially. The susceptible prey population
increased toward its carrying capacity, while
infected prey rapidly decreased to zero,
suggesting that spatial separation limits
contact transmission. These results agree with
previous models on habitat segregation as a
disease-control mechanism (Sahoo 2016).

Similarly, implementing the bioremedial-
antitoxic strategy alone (Figures 6-9)
effectively reduced toxicant levels and
stabilized predator populations by improving
environmental — quality.  The  toxicant
concentration decreased gradually to zero
(Figure 7), and prey populations recovered,
demonstrating that remediation efforts can
reverse toxicant-induced declines. These
outcomes concur with empirical findings by
Goswami et al. (2020), who reported
improved  wildlife survival following
pollution mitigation.

Collaborative effects of Combined Control
Measures

The joint application of both spatial isolation
and bioremedial-antitoxic controls (Figures
10-13) produced the most favorable
outcomes. The susceptible prey population
rebounded toward the carrying capacity,
infected prey were eliminated, and predator
populations stabilized. This synergy indicates
that addressing both biological (disease) and
chemical (toxicant) stressors simultaneously
yields optimal ecological recovery. While
spatial isolation alone had limited effect on
toxicant concentrations, its combination with
bioremediation enhanced prey health and
reduced infection prevalence, illustrating a
complementary relationship between the two
strategies.

Ecological and Theoretical Implications
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From a theoretical perspective, the model
confirms  boundedness and  biological
feasibility of solutions, implying realistic
population dynamics under varying control
intensities. The wuse of Pontryagin’s
Maximum Principle established the existence
of optimal time-dependent controls that
minimize disease and toxicant burdens while
balancing associated costs. Ecologically,
these findings highlight the need for
integrated management practices that
combine pollution control and disease
mitigation to ensure long-term species
coexistence. The study provides quantitative
evidence supporting the ecological principle
that multi-threat systems require multi-
component interventions.

Comparison with Previous studies

Unlike previous works that addressed
diseases or pollutants independently (e.g.,
Sinha et al. 2009, Zhou et al. 2018), this
study simultaneously incorporated both
threats and explored their optimal control.
The results corroborate Khan and Samanta

(2020) but extend their findings by
demonstrating ~ that  the  coexistence
equilibrium can be restored through
combined interventions. Moreover, the
observed predator recovery under
bioremedial-antitoxic =~ measures  supports
Sagamiko et al. (2015), who found that
management interventions can stabilize
predator—prey interactions in threatened
ecosystems.

Practical Significance

The study’s outcomes have practical

implications for wildlife management and
conservation policy. Spatial isolation can be
interpreted as habitat zoning or quarantine
measures, while bioremedial-antitoxic
strategies correspond to ecosystem cleanup
and pollutant regulation. When implemented
concurrently, these strategies can mitigate the
dual effects of disease and pollution, ensuring
the sustainability of both prey and predator
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species. Such integrative approaches are
particularly relevant in ecosystems where
anthropogenic  activities and  disease
outbreaks coincide, such as national parks
and conservation areas across Africa.

Conclusions

Maintaining the balance and coexistence of
species in ecosystems is essential for resource
management and predicting long-term
survival. Prey-predator systems often show
periodic dynamics, and this study examines
how toxicants and diseases influence these
interactions. A deterministic mathematical
model was developed to analyze disease
transmission in prey and the spread of
toxicants affecting both prey and predators,
incorporating optimal control strategies. The
model assumes a Holling Type I functional
response, where predator consumption
increases linearly with prey populations. The
study included numerical simulations, which
confirmed the theoretical predictions. It
established that the model remains
biologically feasible, solutions are bounded
and positive, the stability of equilibrium
points was assessed using eigenvalue analysis
(Jacobian matrix) for local stability and
Lyapunov functions for global stability.
Pontryagin’s Maximum Principle (PMP) was
used to evaluate optimal strategies for
minimizing disease and toxicant effects.
Control strategies were tested individually
and in combination. The results showed that
using both spatial isolation and bioremedial-
antitoxic measures together provided the
most effective threat reduction.

Recommendation

The simultaneous use of spatial isolation and
Bioremedial-Antitoxic control strategies can
reduce risk of prey-predator species from
extinction if properly applied. Future research
should explore how different Holling
functional responses affect control strategies
in prey-predator models impacted by
toxicants and diseases on both prey and
predator population.
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